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ABSTRACT 


This paper covers the construction of finite groups as homomorphic images of 
their progenitors. We will construct the group (2 x Sg) : 24 as a homomorphic image 
of the progenitor 2*® : Sg, and we will prove by hand that (2 x Sg) : 24 is isomorphic.to 
2*6 : S5 factored by two relations. We have a computer-based proof that the symmetric 
presentation 
G= (ov t|x®, y?, (xy)®, (yy)? (ww): ,t, (wy, t), («, y“) (eee)? (at) 
defines the group (2 x Sg) : 2+. With a by hand application of the double coset enumer- 


ation technique, we will prove that 


GS (2 x Se) : 24 
I will also describe the. constuction of As x As : 2, A7 x Ss, and Az. as finite 


homomorphic images of progenitors 2*4 : $4, 3*5 zm Ss, and 3*° sn Ss respectively. 


The main result of my thesis is the symmetric geberation of M22 x 2, where 


Moz is the. Mathieu sporadic group on 22 letters. 
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Chapter 1 


Introduction 


When we wish to work with small finite groups, we use permutations and 
matrices. Although these two methods are the general methods of working with groups, 
they are not always effecient. In fact, when we wish to work with groups of finitely 
large orders, for example Mfo2 x 3 which has 887,040 elements, these two methods are 
very inconvenient. While we have computer programs like MAGMA and GAP that can 
apply these two methods to such groups, these are still verydifficult to work with. 

The main purpose of this thesis is to introduce another method of working 
with groups, that is more efficient when the groups we wish to work with are of a 
significantly large finite order. The method which we introduce in this chapter and 
that will be applied in the subsequent chapters is the called the manual double coset 
enumeration technique. The only restrictions on this technique is that it can only be 
performed on groups that are symmetrically generated by involutions. The manual 
double coset enumeration technique allows us to write elements in such large groups in 


a simpler and much more consice form. 


1.1 Symmetric Generation of a Group 


The free product of n copies of cyclic groups of order m is defined as 
BS m =< t,t. shalt =f =... =i, = 11> 
So, & consists of all finite products of the involutory generators ¢; without adjacent 


repetitions, i.e. B =< ty, th...th,|7 € N, ki = ki, for i =1,2,...,.7-1>. 


If m = 2, then t? = ... = ¢2_, =1 are called symmetric generators. 

Here, N denotes the natural numbers; with zero, and r denotes the empty word, which 

is interpreted as the identity 1. Such finite products are called reduced words in the t. 
Let G be a group. Let T = {to, t1,...,¢n-1} be a subset of G such that t? = 1. 

Then by defining T; = (¢;) and T = {Tb,...,Tn—1}, we can define N = Ngvqy, the set 

normalizer of T'in G. We say that T is.a symmetric generating set for G if the following 

two conditions hold: 

(1) G = (7) 

(2) N permutes 7’ transitively. 

In this case N is called the control subgroup. The conditions (1) and (2) imply that G 

is a homomorphic image of the progenitor m*" : N, where m*” is a free product of n 

copies of the cyclic groups of order m [Rot95]. Let + € N, then we have 


fat (1.1) 


where r is an integer that is relatively prime to m. Notice that,since all the elements 
in N can be gathered on the left hand side, every element in the progenitor can be 
can be represented as mw, where x € N and w is a reduced word in the symmetric 
generators. For this representation to be unique, w must be simplified so that the 
adjacent symmetric generators are distinct. Hence, to obtain G, we can factor the 


progenitor by any additional relator that is of the form 
ww (t1, ta, ..-, tn) (1.2) 


where 7 € N and w is a reduced word in T’. 
By factoring the progenitor m*” : N by such relators, we obtain a factor group. 
In the preceding chapters, the groups we will be working with are presented as factor 
groups. Next, we must explain how these factor groups 
mr: N 
71 W1, 72W2,°°° 


(1.3) 


can be identified through the manual double coset: enumeration technique: 


1.2 Manual Double Coset Enumeration Technique 
We wish to obtain homomorphic image of the progenitor 
m'": N (1.4) 


In this thesis we will focus on two cases, the case where m = 2 and the case where m = 3. 
In the case where m = 2, we seek homomorphic images of the progenitor 2*" : N where : 
N is a transitive permutation group on 7 letters. We begin by identifying the n free 
generators and N with their respective images. 
ars N 
— sagas (1.5) 
where 7 € N, t; € T.. Allow i to represent the symmmetric generator t; in expressions 
such as the relation shown above [Cur07]. Since tm = mt,(j), or in = wi™, the per- 
mutations can be grouped on the left. Thus, any element g of G can be written as a 
permutation, 7, in N followed by a word in the symmetric generators, That is, g = mw, 
where 7 € N, w is a word in the symmetric generators. Suppose that NgN is a double 


coset of N in G. Then we have: 
NgN = NrwN = NwN (1.6) 


Notice that since 7 € N, it gets absorbed, hence Na = N above. We denote the double 
coset NwN by [w]. 


Example 1.1. We use [123] to denote the double coset Ntytot3N. 
The case where w is a word of length zero, namely the identity element e, we have: 


NwN =NeN=N (1.7) 


This double coset is denoted by [x]. We continue by defining the point stabilisers in N. 
The single point stabiliser in N is the the set 


N* = Cy (ti) = {n € N|ni = in} (1.8) 
The two point stabiliser in N is the the set 


N¥ = Cy((ti)), (1.9) 


and so on. The coset stabilizing subgroup, N” of N is given by 
NY ={rEN: Nur =Nu}, (1.10) 


where w is a word in the symmetric generators. Notice that NY < N™). To obtain the 
number of single cosets in each double coset NwN, denoted [w], we must divide 

IM 

IN| 

In order to obtain the index of N in G, we must perform a manual double 

coset enumeration of G over N. This process consists of finding all the double cosets, 
{w] and calculating the number of single cosets contained in each [w]. The double coset 
enumeration is complete when the set of right cosets is closed under right coset multipli- 
cation. The Completion Test, the process of finding the point stabiliser, coset stabiliser, 
and number of single coset, is best performed by calculationg the orbits of N“) on the 
symmetric generators. For each double coset [w], take one symmetric generator, t;, from 
each orbit and identify to which double coset Nwt; belongs to. We will also find the 
double coset decomposition of G into double cosets NgN, where g € m*": N and find 
a set {91,92,...} of elements of G such that 


G=NgaNUNgN VU... (1.11) 


However, we previously found that 9; = m;w;, hence 


G=NUNwNUNu3N U... (1.12) 


where w, denotes the identity, or words of lenght zero. 


Chapter 2 


Preliminary Information 


2.1 Group. 


A group is a set, G, combined with an operation +, such that: 
(1) The identity element exist: 
There exists an e € G such that for allge G,exg=gtee=g 
(2) The inverse element exists in G: 
There exists a kh € G such that gxh=heg=e 


We say H is a subset of G if every element of H is also an element of G. 


2.2 Semi-Direct Product 


Lemma 2.1. Let K be a group and A < AutK be a subgroup of the automorphism group 
of K. Then the cartesian product A x K becomes a group under the binary operation 


”o” defined by (a,x) 0 (b,y) = (ab, z°y) where a,b€ A and x,y € K. 


The group constructed from a cartesian product of two groups A and K, as 
described in the lemma above, is called a semi-direct product and is denoted by K : A. 
A progenitor is a semi-direct product of the form: 

P2=m™":N = {aw|r € N and w is a reduced word in t;} 
where m*” denotes the free product of n copies of the cyclic group of order m generated 
by involutions ¢; for i = 1,2,...,n; and N is a transistive permutation group of degree 


7. which acts on the free product by permuting the involutory generators. 


2.3 Group Action 


Let G be a group and X be a nonempty set. We say that G acts on X if there 
exists a mapping a: G x X — X defined as (g,2) -+ gx such that: 
(l)l-t=a2,Vaex 
(2) (gh)« = g(ha),Vg,h eX 
a is called an action of G on X, 

The actions of the point stabiliser are by conjugation. If G is a group and a € G, then 
a conjugate of a is any element in G of the form gag—', where g € G. We also write 


gag-! = a9. 


2.4 Single Coset 


Let G be a group and H be a subgroup of G then a single coset is a set 
Ha = {hala € G}. Notice that cosets partitionthe set G. Two properties of single 
cosets: (1) Ha = Hb or HaN Hb=@ 
(2) Ha=H aed. 


2.5 Double Coset 


Let H be a subgroup of G. Let ¢ € G. Then HaH = {Hah|h € B} is the 
double coset of H in G. Notice that double cosets are composed of single cosets. The 
index of a subgroup H in G, denoted by [G: H] = at is the number of single cosets of 
H in G. In particular, the number of single cosets in the double coset NwWN is ay: 
To determine the single cosets in a double coset NwN, you take Nw and conjugate it 
by its coset stabiliser VN“). If N“™) has several elements, you do this for each élement. 
The orbits of N™) on the symmetric generators are obtained through conjugation of 
each generator by N“*). The orbits are disjoint. If H is a subgroup of G and a € G, 
then the right coset Ha is the subset Ha of G, where Ha = {ha:h € H}. 


2.6 Permutation Group 


In some of the following chapters, we will be dealing with groups in which the 
control subgroup ,N, is a permutation group . The Permutation Group Sp is the group 
of permutations of (01234....n). The order of S,, is.|S,| =n! 

Let X = {1,2,3,...}.. Then Sx, the set. of all one-to-one and onto mappings 
from X to X, called permutations of X, forms a group under function composition. Sx 
is called the permutation group of X. If X = {1, 2,3,...,n}, then Sx = 5S, is called the 


symmetric group of degree n. 


Chapter 3 


The Construction of (2 x Sg) : 24 


We wish to prove that the symmetric representation of (2 x Sg) : 2* is given 
by TARE where X ~ (012345) and Y ~ (01). The symmetric presentation of 
the progenitor 2*6 : 9¢ is: 
2°62 Sg & (2,y,t]2° = y? = (ay)® = (yy)? = (yy)? = 1 = 2 = (ay, 8) = (9). 
Notice that the control subgroup, N, is Sg, the permutation group on six elements. 

In order to prove: 

(2x6) : 24 & (ary, tha® = 4 = (ay)? = (yy*)? = (py? = 1 = # = (ay, t) = (ty), 
we must perform a double coset enumeration of (2 x Sg) : 24 over Sg. The double coset 
enumeration consists of finding all double cosets [w] and figuring out how many single 
cosets each of these contains. We know that the double coset enumeration is complete 
when the set of right cosets is closed under right multiplication. That is, when none 
of the t;’s can expand the cayley graph any further. From the definition of 2*© we 
obtain the property #2 = t? = #2 = # = #2 = t2 = 1. The control subgroup N, is 
permutation group 5g which consists of the permutations of 0,1,2,3,4 and 5. That is 
Se = ((01) , (012345)}. The number of elements contained in Sg, the order of S¢, is 
calculated as follows: |Sg| = 6! = 720 

We will now proceed to expand our relators and obtain the relations which we 
can use to simplify our computations. 

The first relation is as follows: [tota]” = €. 

If we we expand the left hand side, we obtain the following: totitot; = e 


if we use the operation of right multiplication, we can further simplify this relation: 


totytpty «ti = tr 
=> totytot? = t 

=> totito = ti 

=> totito - to = th: to 
=> tot t2 = t «to 

=> tot = tito 


Thus, we obtain the relation tot, = tito 


The second relation is [(012345) to|® = e. 
Let 7 = (012345). Then, by permutation multiplication, we obtain the following: 
nt = (012345) 
nm? = (024) (135) 
a? = (08) (14) (25) 
at = (042) (153) 
n° = (054321) 
n> =e 
So, if we expand {(012345) to]® = e we obtain the following: 
Ttgxtontontontontig = € 
=> rr a torn a ttonn a ttignn an tonan tonto = € 
=> 78 (a ton”) (a *ton*) (1 tox) (1 ton?) (x ltom) to =e 
a> OE eT ET ET ty = 


(8) (054821) 4(042)(183) 4(080(24)(25) #(024)(286) 4(012845) 


to =e 

=> tstatgtotitg = e€ 

if we use the operation of right multiplication, we can further simplify: 
=> tstatgtetit? = to 

=> t5tqtgtot? = totr 

=> tstqtgt? = totite 

=> t5tatg = tolite 


Thus, we obtain the relation: tst4tg = totite 


The third relation is tgtatg = totit . 


if we use the operation of right multiplication, we can further simplify this relation: 
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=> tt4t? = totitets 

=> t5t, = totitets 

= tst? = totitotsts 

=> ts = totitetst, 

=> tstz = totitetstaty 

=> tstgt, = tot totgtatgta 

=> tstgta = totits (tgt,)° 

=> tstgt4 = totite 

Thus, we obtain the following: tst3t4 = tptita 


3.1 The Double Coset Enumeration of G over S¢ 


First, note that NeN ={Nen|né€N}={Nn|]neN}={N}. We will 


denote this double coset by [x] . The number of elements in [x] is al = 28 = 1, hence 


[x] consists of the single coset, N. Next, look at the double coset NtpN which we will 
denote by [0]. To obtain the elements in [0], we must first find the point stabiliser of 0, 
N°. The point stabiliser consists of permutations in N = Sg which fix 0 and permute 
1,2,3,4,5. This means that |N°| = 5! = 120. In this case, we have that the set 
stabiliser, N©) = N°. Thus, |N‘)| = 5! = 120. To find the orbits of N© in 
{0,1,2,3,4,5} we conjugate 0,1,2,3,4 and 5 by N© . The orbits of N©) are {0} and 


{1,2,3,4,5} . The number of single cosets in the double coset [0] is obtained by 
NU _ 
N@| 


the right cosets, also known as transversals, of N() in N. The transversals of N©) in 
N are Id(N), (0,1) , (0,2) , (0,3), (0,4) and (0,5). Now we can apply the transversals 
to Ntg by conjugation to obtain the single cosets in [0]: 

N (to)'#\™) = Nt 

N (ty) O” = Ney 

N (to){°) = Nto 

N (to) = Nts 

N (to) = Ntg 

N (to) = Nts. 


dividing st = 6. To obtain the elements in this double coset, we must first find 
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Therefore [0] = {Nto, Nti, Ntg, Nt3, Nta, Nts}. 


Look at the double coset [x] consisting of the single coset N. There are six 
things that we can apply to N to obtain things in [0], thus, six things expand the Cayley 
graph from [x] to [0]. Next we must take a representative from each orbit of N“) and ap- 


ply it to Nto, by conjugation, to determine if it will extend or collapse the Cayley graph: 


Nto .to = Ne =Ne [+]. 
Since the orbit of 0 is of length 1, 
one ¢; will collapse the Cayley graph from [0] to [+]. 


Nto .t1 = Ntotr 

This is a new double coset which we will label as [01]. 
Since the orbit of 1 is of length 5, 

five t; will extend the Cayley graph from [0] to [01]. 


Now, we look at the double coset Ntpt; N which we denoted [01]. To obtain 
the elements in [01], we must first find the point stabiliser of 0 and 1, N°!. The point 
stabiliser consists of permutations in N = Sg which fix 0 and 1 and permute 2, 3,4, 5. 
This means that |N°| = 4! = 24, so N°! & 9, = ((2,3) , (2,3,4,5)). The set stabiliser, 
N(1) > N°. Due to the relations mentioned in the previous section, N(") increases: 

From our relation, we have tot; = tito 

=> Nigt, (01) = N (tot) © = Ntito = Ntoty 

=> (01) € N@) 

So NOD = (N°, (01). 

Thus, |N(@)| = 24x2 = 48. To find the orbits of N(), we conjugate 0, 1,2, 3, 4 and 5 by 
N() | The orbits of N© are {0}, {1} and {2,3,4,5}. The number of single cosets in 
the double coset [01] is obtained by dividing oy = 1 = 15. To obtain the elements 
in this double coset, we must first find the right cosets, also known as transversals, of 
N(1) in N. The transversals of N@) in N are: Id(N), (1, 2,3, 4,5, 0) , (1,3, 5) (2, 4,0), 
(1,2, 3, 4,5) , (1,4) (2,5) (3, 0) , (1,3, 5,2, 4,0) , (1,5, 3) (2,0, 4) , (1, 4) (2,5, 3,0), 

(1, 3,5,2, 4) , (1,0,5, 4, 3,2), (1,5, 2,4) (3,0) , (2, 5,3, 0,4), (2,0,5,4, 3) , (1,0, 4,2, 5,3), 
and (1, 2,4) (5,0). Now, conjugate Ntot; by the set stabilizer N°) to obtain a relation: 
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Ntot® On = Nt to and our relation results in 01 ~ 10. 
Applying the transversals to this relation by conjugation yields the 15 single cosets in 
the double coset [01]: 


(01 ~ 10)/4") = 01 ~ 10 

(01 ~ 10)(:2:34,5,0) — 19 ~ 21 
(01 ~ 10)(13:5)(2,4,0) — 93 ~ 32 
(01 ~ 10)(:2845) — 02 ~ 20 
(01 ~ 10),4)(25),0) — 34 ~ 43 
(01 ~ 10)(18:5,2,40) = 13 ~ 31 
(O1 ~ 10)(15:3)(,0,4) — 45 ~ 54 
(01 ~ 10) 42,550) = 24 w 42 
(01 ~ 10)43524) — 03 ~ 30 
(01 ~ 10)9.5:4,3,2) — 50 ~ 05 
(O01 ~ 10)¢+5.2.4)(3,0) — 35 ~ 53 
(O01 ~ 10) 53,04) = 41 ~ 14 
(01 ~ 10)0.5.4:3) — 51 ~ 15 
(O01 ~ 10)¢404:2,5,3) — 40 ~ 04 
(01 ~ 10)4),4)5,0) — 59 ~ 25 


Therefore, the fifteen distinct single cosets in this double coset are as follows: 
[01] = {Ntoti , Ntote, Ntots, Ntite, Ntits, Ntots, Ntet4, Ntgta, 
Ntgts, Ntato, Ntgti, Ntats, Ntsto, Ntst1, Nisto} 


Now we must take one representative from each orbit of N (01) so 0,1, and 2, apply each 
to Ntot, by right multiplication, and determine if these representatives will extend or 


collapse the Cayley graph. 


Ntoti = Nitito 
Relation1 
=> Nioti -to = Ntito: to 
=> Ntotito = Ntit2 = Nt, € {0]. 
Since the orbit of 0 is of length 1, 
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one t; will collapse the Cayley graph from [01] to [0] . 


Ntoti +t, = Ntp (t1)” = Nip € [0]. 
Since the orbit of 1 is of length 1, 
one t; will collapse the Cayley graph from [01] to [0). 


Ntot1 «to = Ntotito. 

This is a new double coset which we will label as [012], 
Since the orbit of 2 is of length 4, 

four ¢;’s will extend the Cayley graph from [01] to [012]. 


Thus, we have two things collapsing the Cayley graph from [01] to [0} and four things 
extending the Cayley graph from [01] to [012]. 


Now, we look at the double coset Ntotjte2N which we denoted [012]. To obtain 
the elements in {012], we must first find the point stabiliser of 0,1, and 2, N°?, The 
point stabiliser consists of permutations in N = Sg which fix 0,1 and 2 and permute 
3,4,5. This means that |N°?| = 3! = 6. So, N°? = 3 = (3,4), (3,4,5)). The set 
stabiliser, N(012) > N°12, Now we must check if there are any additional permutations 
in Sg , belonging to the set stabiliser. We do this by conjugation: 

N (totit,)OOC9G9) — Netstats ret rong N totite => (5,0) (1,4) (2,3) € N(012) 

N (totitg) 154 = Ntstata ret iong Ntotite > (5,1,3,2,4,0) € N(012) 

So, (N°!2, (5, 0) (1,4) (2,3), (5, 1,3, 2,4,0)) < NO) 
= 72. Note that we obtain the orbits of N‘!2) 


through the conjugation of 0,1,2,3,4 and 5 by N12), Since our first conjugation 
is ONO 


Therefore, 


= {0,5,1,3, 2,4}, and yields all six numbers then there is no need to conju- 
gate any of the remaining five numbers. Thus, the orbit of N(}2) is {0,5,1,3,2, 4}. 
The number of single cosets in the double coset [012] is obtained by dividing satay = 
ms = 10. To obtain the elements in this double coset, we must first find the right 
sect also known as transversals, of N12) in N. The transversals are as follows: 
Id(N), (5,0) , (1,5, 4, 2) (3,0), 

(1,2, 3, 4,5, 0), (1,0, 5,4, 3,2), (1,2,3,4,5), (1,3,5, 2,4,0),(1,0,4, 3, 2), (1,5,4, 2, 0,3), 
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and (1,4) (2,5,3,0). Conjugating Ntotit, by the set stabiliser N12), we obtain the 


following relations: 


N (totyt2) © (1,4)(2,3) _ Av¢s¢4t3 and our relation results in 012 ~ 543 
N (tot tz) 12.49) = Ntst4atg and our relation results in 012 ~ 534 
Thus, our relation becomes 012 ~ 534 ~ 543. 


Applying the transversals to this relation by conjugation, results in the 10 single cosets 
in the double coset [012}: 


(012 ~ 534 ~ 543/44") — 012 ~ 534 ~ 543 

(012 ~ 534 ~ 543)©9) = 512 ~ 034 ~ 043 

(012 ~ 534 ~ 543)(1542)3,0) — 351 ~ 302 ~ 320 
(012 ~ 534 ~ 543)(2.3.4,5) — 023 ~ 145 ~ 154 
(012 ~ 534 ~ 543)(0.43,2) — 401 ~ 523 ~ 523 
(012 ~ 534 ~ 543)0,2,3,4,5,0) — 123 ~ 045 ~ 054 
(012 ~ 534 ~ 543)(10,5,4,5,2) — 501 ~ 423 ~ 432 
(012 ~ 534 ~ 543)(13:5:240) — 134 ~ 250 ~ 205 
(012 ~ 534 ~ §43)(542,0,3) = 350 ~ 412 ~ 421 
(012 ~ 534 ~ 543)(4)(2,5,3,0) = 245 ~ 301 ~ 310 


Therefore [012] = 
{Ntotite, Nistite, Ntgtsti, Ntotets, Ntatoti, Ntitats, Ntstoti, Ntitgts, Ntgtsto, Ntotats} 


Now we must take a representative from each orbit of N(@!), so 2, apply each 


to Niotite by conjugation, and determine if it will extend or collapse the Cayley graph: 


Nitpotite «te = Ntotit? = Nit € [01] 
Since the orbit of 2 is of length six, 
six t;’s will collapse the Cayley graph from [012] to [01] 


Thus, we obtain the following Cayley graph: 
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(1 4 5 2 4 6 


[*] [0] [01] [012] 


Figure 3.1: The Cayley Graph of 2 x 5:24 over Sg 


So the index of N = Ss in Gis trl+qyay + pony + pons] = 1+6-+15+10 = 32 
Recall that the order of N is |N| = 6! = 720 . The Cayley diagram gives the maximum 
order of G, thus |G] < 32 x |N| = 32 x 720 = 23040. In other words, it establishes that 
|G| < 23040. Now we must show that |G| > 23040; thus proving that |G| is actually 
equal to 23040. 


3.2 The Homomorphic Image of G 


We begin by labeling our double cosets as shown in the Table 3.1 . 
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Table 3.1: Labeling of the Double Cosets 


Labeling | Double Coset 


1 


N 
Nto 
Nti 
Nto 
Nts 
Ntg 
7 
1 
2 
13 
ee a 
fi 2 


1 


2 


| 31 


| 2 


Ntgts5ty 
Ntatoti 


Define & : G > S32, where & gives the action on the 32 double cosets, this 
action is by conjugation and multiplication. So, we must compute the action of x,y, 


and toon the 32 double cosets. These actions are shown in Table 3.2 on the next page. 


Table 3.2: Actions on the Double. Cosets 
y= (Ol) 


| 33. Ntotite | 


23. Négtit 
30. Néststo | 17. Neato 
6. 


32. Nustoft |_18. Nesh 


17 
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Thus we obtain the following information: 
Since & (to) = tty, then & (£9) is 
& (to) = (1, 2) (3, 8) (4, 9) (5, 10) (6, 17) (7, 20) (11, 23) (12, 28) (13, 26) (14, 31) 
(15, 29) (16, 30) (18, 32) (19, 24) (21, 25) (22, 27) 
Since & (#) = xa, then , 
& (x) = (2,3, 4,5, 6, 7) (8, 11, 18, 15, 19, 20) (9, 12, 14, 16, 17, 21) 
(10, 18, 22) (23, 24, 25) (26, 27, 28, 30, 32, 29) 
Since & (y) = yy, then 
& (y) = (2,3) (9, 11) (10, 12) (17, 18) (20; 21) (24, 26) (27, 29) (30, 31) 


Define A: G > S32 by & (tp) = tto, we must show that it is a homomorphism. 
In order to verify that & is a homomorphism we require the following: 
(1) If &(N) = (zz, yy), then 4 (fo) has exactly six conjugates under 
conjugation by &(N): 


We begin by computing 4 (a): 


(to) =t 
(to)”” = ta 
(tg) = tg 
(to)” = te 
(to)” = te 
(to) = to 


= & (18) = & (to)®™ 

We must now calculate tty, tte, tts, tts, tts: 

tty = (tto)** 

= (1,3) (2,8) (4, 11) (5, 12) (6, 18) (7,.21) (9, 23) (10, 28) 

(13, 24) (14, 30) (15, 27) (16, 31) (17, 32) (19, 26) (20, 25) (22, 29) 
tto = (tt,)”” 

= (1,4) (2,9) (3, 11) (5, 13) (6, 14) (7, 22) (8, 23) (10, 26) 

(12, 24) (15, 25) (16, 32) (17, 31) (18, 30) (19, 28) (20, 27) (21, 29) 
tts = (tto)*” 
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= (1,5) (2, 10) (3, 12) (4, 18) (6, 15) (7, 16) (8, 28) (9, 26) 

(11, 24) (14, 25) (17, 29) (18, 27) (19, 23) (20, 30) (21, 31) (22, 32) 
tig = (tt3)"* 

= (1,6) (2, 17) (3, 18) (4, 14) (5, 15) (7, 19) (8, 32) (9, 32) 

(10, 29) (11, 30) (12, 27) (13, 25) (16, 23) (20, 24) (21, 26) (22, 28) 
tts = (tt4)*” 

= (1,7) (2, 20) (3, 21) (4, 22) (5, 16) (6, 19) (8, 25) (9, 27) 

(10, 30) (11, 29) (12, 31) (13, 32) (14, 28) (15, 23) (17, 24) (18, 26) 
tig =ieey 

= (1,2) (3, 8) (4, 9) (5, 10) (6, 17) (7, 20) (11, 23) (12, 28) 

(13, 26) (14, 31) (15, 29) (16, 30) (18, 32) (19, 24) (21, 25) (22, 27) 


Thus, tég has exactly six conjugates under conjugation by (xz, yy). 


(2) (xa, yy) acts as Sg on tig, tt1, tte, tty, tts, tts by conjugation, 
(That is xx = (tto, tt, tta, tta, tt, tts) and yy = (tto, tt:)): 


We verified above that xx = (tto, tt, tte, tt, tts, tts) by the conjugation of tt; with ax. 
Now, we must verify that yy = (tto, té1): 
First notice: 

(to)” =to ; 

=> (th) = A(to)*™) 


Now we must calculate tt; and (tt1)%: 


(tt) = (tto)™ 
ae = CL, 3)(2, 8)(4, 11)(5, 12)(6, 18)(7, 21)(9, 23) (10, 28)(13, 24)(14, 30) 
(15, 27)(16, 31)(17, 32)(19, 26) (20, 25) (22, 29) 


(tt1)# = (1,2)(3, 8) (4, 9)(5, 10)(6, 17)(7, 20)(11, 23)(12, 28) (13, 26)(14, 31) 


(15, 29)(16, 30)(18, 32){19, 24}(21, 25)(22, 27) 
> (tt, )¥ = tha 


Therefore yy = (tto, tt1). 


Thus, we have shown that 4(2*® : 5g) = &(N,to) =< xa, yy, tto > and < x2, yy, tto > 


is 


20 


a homomorphic image of 2*° : Sg. However, we want the homomorphic image of 

G= TANGA OCETOTE Notice that < xz, yy, ttg > is a homomorphic image of G' if the 

additional relations {tot;}* = 1 and [(012345) to]° = 1 hold in < xa, yy, tto >. 

So, we must verify (i) &(tot1) = A(tito) and (ii) A(tstats) = &(totite) 

(i) &(tot1) = &(¢ito) : 

On the left hand side of the equation, &(tgt,) = téotti 

= (1,2) (3,8) (4, 9) (5, 10) (6, 17) (7, 20) (11, 23) (12, 28) (13, 26) (14, 31) (15, 29) (16, 30) 
(18, 32) (19, 24) (21, 25) (22, 27) (1, 3) (2, 8) (4, 11) (5, 12) (6, 18) (7, 21) (9, 23) (10, 28) 
(13, 24) (14, 30) (15, 27) (16, 31) (17, 32) (19, 26) (20, 25) (22, 29) 

= (1,8)(2,3)(4, 23)(5, 28) (6, 32)(7, 25)(9, 11)(10, 12)(13, 19) (14, 16)(15, 22)(17, 18) 
(20, 21) (24, 26) (27, 29)(30, 31) 

On the right hand side of the equation, &(tito) = tt1tto 

= (1,3) (2,8) (4, 11) (5, 12) (6, 18) (7, 21) (9, 23) (10, 28) (13, 24) (14, 30) (15, 27) (16, 31) 
(17, 32) (19, 26) (20, 25) (22, 29) (1, 2) (3, 8) (4, 9) (5, 10) (6, 17) (7, 20) (11, 23) (12, 28) 
(13, 26) (14, 31) (15, 29) (16, 30) (18, 32) (19, 24) (21, 25) (22, 27) 

= (1,8)(2, 3)(4, 23)(5, 28)(6, 32)(7, 25)(9, 11)(10, 12)(13, 19)(14, 16)(15, 22)(17, 18) 
(20, 21)(24, 26)(27, 29)(30, 31). 

Therefore &(tpt;) = A(tito) . 


(ii) &(tstatz) = A(toti te): 

On the left hand side of the equation &(tstatz) = ttsttatts 

= (1,7) (2,20) (3, 21) (4, 22) (5, 16) (6, 19) (8, 25) (9, 27) (10, 30) (11, 29) (12, 31) (13, 32) 
(14, 28) (15, 23) (17, 24) (18, 26) (1, 6) (2, 17) (3, 18) (4, 14) (5, 15) (7, 19) (8, 32) (9, 31) 
(10, 29) (11, 30) (12, 27) (13, 25) (16, 23) (20, 24) (21, 26) (22, 28) (1,5) (2, 10) (3, 12) 
(4, 13) (6, 15) (7, 16) (8, 28) (9, 26) (11, 24) (14, 25) (17, 29) (18, 27) (19, 23) (20, 30) 
(21, 31) (22, 32) 

= (1, 23)(2, 11)(3, 9)(4, 8)(5, 19)(6, 16)(7, 15)(10, 24)(12, 26)(13, 28)(14, 32)(17, 30) 
(18, 31)(20, 29)(21, 27)(22, 25) 

On the right hand side of the equation &(totit2) = ttotiitte 

= (1, 2) (3,8) (4, 9) (5, 10) (6, 17) (7, 20) (11, 23) (12, 28) (18, 26) (14, 31) (15, 29) (16, 30) 
(18, 32) (19, 24) (21, 25) (22, 27) (1, 3) (2,8) (4, 11) (5, 12) (6, 18) (7, 21) (9, 23) (10, 28) 
(13, 24) (14, 30) (15, 27) (16, 31) (17, 32) (19, 26) (20, 25) (22, 29) (1, 4) (2,9) (3, 11) 
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(5,13) (6, 14) (7,22) (8, 23) (10, 26) (12, 24) (15, 25) (16, 32) (17, 31) (18, 30) (19, 28) 
(20, 27) (21, 29) 

=: (1, 23)(2, 11)(3, 9)(4, 8)(5, 19) (6, 16)(7, 15)(10, 24) (12, 26) (13, 28) (14, 32)(17, 30) 
(18, 31)(20, 29)(21, 27)(22, 25) 

Therefore &(tst4t3) = &(totite). 


Thus, < xx, yy, tig > is a homomorphic image of G. Therefore, & preserves the 
operations of G and & : G — S32 is a homomorphism. So, &(G) = (zz, yy, tio) and 
\&(G)| = 23040. 


By the First Isomorphism Theorem, we have that 
G_ = &(G) 


ker& 

> an & |(cx, yy, tto)| = 23040 
=> |G] = 23040 - |kerd| 

=> IG| > 23040 


But we had previously shown that |G] < 23040. Therefore |G] = 23040 


3.3 Permutation and Symmetric Representation 
Permutation to Symmetric: 


Let p = (1, 22, 12, 13, 8, 11,14, 19, 20, 15, 16, 18)(2, 29, 31, 26) 
(3, 4, 28, 24, 25, 23, 30, 6, 7, 27, 5, 32)(9, 10, 17, 21) € S39 


The goal is to find the symmetric representation form of the permutation p. 


By definition, the right cosets of any group, partition the group into disjoint subsets. 


Hence, any two right cosets of a group will either be equal or disjoint. 


Since Np = Nw and pe Np 
=>peNw 
=> p=nw, wheren € N and N = S4 


In order to find the symmetric representation form of p, we must solve for this n. 


22 
=>n= pw, 
But Np = 1? = 22 and , from the labeling, 22 = Ntste 
=> Nop = Ntste 
=> p= nist 
>n= plots 


Notice that ptots = (2,3, 7)(4, 6)(8, 21, 20)(9, 18, 22, 17, 11, 19)(10, 12, 16) 
(13, 15)(23, 26, 27, 32, 29, 24)(28, 31, 30) 


Therefore, n = (2, 3, 7){4, 6) 

Now we must look at the labeling of the double cosets, shown in Table 1-1, and 
translate the given permutation: 

=> n= (0,1,5)(2, 4) 

=> n = (1,5,0)(2, 4) 


Thus, (1,5,0)(2, 4)tste is the symmetric representation form of the permutation p. 
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Chapter 4 


The Construction of As x As: 2 


There is a computer based proof that a symmetric presentation of As x Ags : 2 is 
given by OPAC where X ~ (0123) and Y ~ (23). The progenitor is 2*4 : Sq, 
and the symmetric presentation of the progenitor is as follows: 
a4. Sy & (a, y, t|a4 =y = (sy =1= = [t,y] = [e,9)). 

The control subgroup, N, is $4. In order to prove that 

(As x As): 22 (2, y, tat = y? = (zy) =1= ¢ = [t,y] = [t*, y]), we perform a double 
coset enumeration of (As x As) : 2 over Sz. The double coset enumeration consists 
of finding all double cosets [w] and figuring out how many single cosets each of these 
contains. Notice that the double coset enumeration is complete when the set of right 
cosets is closed under right multiplication. That is, when none of the t;’s can expand the 
cayley graph any further. From the definition of 2** we obtain the following property: 
2a=B=B=B=1. 

The control subgroup is the permutation group, 54, which consists of the 

permutations of 0,1,2 and 3, that is Sy = ((0123), (23)). The number of elements 
contained in $4, the order of $4, is calculated as follows: |S4| = 4! = 24. These 24 
elements are: 
e, (OL) , (02) , (03) , (12) , (13) , (23) , (012) , (021) , (013) , (031) , (023) , (032) , (123), 
(132) , (0123) , (0132) , (0213) , (0231) , (0312) , (0321) , (01) (23) , (02) (18) , (03) (12) 
We expand our relations below. 

The first relation is as follows: [(01) to|° =e 


Let 7 = (01) .Then by permutation multiplication, we obtain the following: 
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m= (01) =r =7° 
w=e=n* 
So if we expand [(01) ¢o]° = e we obtain the following: 
ntgxtgntonignty = € 
Using the property that 7"1—" = e we can simplify the expression: 
=> ama ttorn a tora a *tonn a ltonty = € 
=> 75 (1~4tor4) (x#tor) (x-*tr?) (atx) to=e 
Using the conjugation property, alti; = ¢? 
=> Ott HO ee at ty = € 
=> (01) 31 gt tg = e 
=> (01) totitotito = e 
=> (01) totity = tot 
Thus, we obtain (01) totito = toty 
The second relation is as follows: {(0123) tp]° = e 
Let 7 = (0123). Then, by permutation multiplication, we obtain the following: 
q = (0123) = 25 = 9? = 8 
a = (02) (13) = 18 = 1? = 74 
a = (0321) =a? = att = x8 


gt = og 12 


=o. 
So, if we expand [(0123) t]"° = e we obtain the following: 
Tionigntontgmiontomtgntyntonigntgmtonty7ignty = e 
mp op Sg rt pe? ptt at on? en al a pre am eae amo ET ty = € 
— (0321) (020028) (0228) tg (0821) (020028) 4{0128) ‘6 
(0822) 002008) (0128) te (0821) 1602018) (0228) — 
=> (0321) totitotstatitotgtetitotgtetito = e 
=> (0321) totitotgtetitots = totitotstotite 
Thus, we obtain the relation (0321) tatitotgtoti tots = tot tatgtotite. 


4.1 The Double Coset Enumeration of G over 54 


First, note that NeN = {Nen|n€N}={Nn|ne N}={N}. We will de 


note this double coset by [*| . The number of elements in [+] is ral = 3 = 1, hence 
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[*] consist of the single coset, N. Next, look at the double coset Nt» which we will 
denote by [0]. To obtain the elements in [0], we must first find the point stabiliser of 0, 
N°. The point stabiliser consists of permutations in N = S4 which fix 0 and permute 
1,2,3. This means that |N°] = 3! = 6. In this case, we have that the set stabiliser, 
N) = N°. Thus, || = 3! = 6. To find the orbits of N), we conjugate 0, 1,2 and 
3 by N, The orbits of N) are {0} and {1,2,3} . The number of single cosets in 
the double coset [0] is obtained by dividing a = 44 = 4. To obtain the elements 
in the double coset, (0] we must first find the right coset representatives of N in N, 
also known as transversals of N©) in N. The transversals of N©) in N are Id(N), 
(1, 2,3,0), (1,3) (2,0), and (1032). Now we can apply the transversals to Nto by con- 
jugation to obtain the single cosets in [0]: 

N (to)/4) = Neg 

N (tp) (222) = Ney 

N (ip) D2 — Ney 

N (to) 193) = Nts 

Therefore [0] = {Nto, Nt1, Nto, Nt3}. 


Now, for the double coset [x] consisting of the single coset N, there are four ¢;’s 
that we can apply to N to obtain the right cosets in [0], thus, four ¢;’s extend the Cayley 
graph from {*| to [0]. Next we take a representative from each orbit of N (©) and ap- 


ply it to Nto , by conjugation, to determine if it will extend or collapse the Cayley graph. 


Ntg.to =NtR=Ne [x]. 
Since the orbit of 0 is of length 1, 
one f; will collapse the Cayley graph from [0] to [+]. 


Ntg.t) = Ntoty 

This is a new double coset which we will label as [01]. 
Since the orbit of 1 is of length 3, 

three ¢;’s will extend the Cayley graph from [0] to [01]. 


Now, we consider the double coset Ntgti N which we denoted [01]. To obtain 
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the elements in [01], we must first find the point stabiliser of 0 and 1, N®. The point 
stabiliser consists of permutations in N = S4 which fix 0 and 1 and permute 2,3. The 
set stabiliser, NOY > N° — ((2,3)). In particular, N@Y = ((2,3)). In order to find 
the orbits of N© on {0,1,2,3}, we conjugate 0,1,2 and 3 by N©Y . The orbits of 
N( are {0}, {1} and {2,3}. The number of single cosets in the double coset [01] is 
obtained by dividing way = a = 12. To obtain the elements in this double coset, 
we must first find the transversals, of N©) in N. The transversals of N@) in WN are: 
Id(N), (1, 2,3, 0), (1,3) (2,0) , (1,3, 0) , (1,0, 3, 2) , (1, 2,0, 3), (1,0, 2) , (1,3, 2) , (3,0), 
(1,0), (1,2) and (2, 3,0). 

Now, conjugate Nigti by the set stabilizer N (91) to obtain equal names for Négé1. In 


this case Nigt; has only one name, itself. 


Now we can apply the transversals to Ntgt; by conjugation to obtain the 


different single cosets in (01): 


N (tot: 2) = Ntot 
N (tot)? = Ntyto 
N (toty)>) 2 = Neots 
N (tots)? = Ntits 
N (tot) 43) = Negto 
N (tot1)?°) = Neate 
N (tot1){°) = Ntato 

N (toti)"%3) = Ntots 

N (toty)° = Netgty 

N (tot,) = Ninto 

N (tot:)° = Ntote 

N (toty)@> = Neots 
Therefore, (01] = 
{Niot, Ntote, Ntots, Ntito, Ntite, Ntits, Ntota, Ntot1, Ntot, Ntgto, Ntgti, Ntsto} 


Now, we must take a representative of each orbit of N© and apply it to 


" Ntot1 to determine if it will extend or collapse the Cayley graph: 
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Ntot to = Ntotita = | Neots € [01]. 
Relation1 


Since the orbit of 0 is of length 1, 
one t; maps [01] to [01] . 


Ntoty «ti = Nto (ti)? = Nip € (0). 
Since the orbit of 1 is of length 1, 
one ¢; will collapse the cayley graph from [01] to [0]. 


Ntot1 + tg = Ntotita. 

This is a new double coset which we will label as [012]. 
Since the orbit of 2 is of length 2, 

two ¢;’s will extend the Cayley graph from [01] to [012]. 


Now, we look at the double coset Ntotite which we denoted [012]. To obtain 
the elements in [012], we must first find the point stabiliser of 0,1, and 2, N°?. The 
point stabiliser consists of permutations in N = $4 which fix 0,1 and 2 and permute 3. 
The set stabiliser, N!2) > N®2, thus, |N(12)| = 1! = 1. In order to find the orbits 
of N12) on {0,1,2,3}, we conjugate 0,1,2 and 3 by N©!2), The orbits of N(!?) are 
{0}, {1}, {2} and {3}. The number of single cosets in the double coset [012] is obtained 
by dividing wou = 24 = 24. To obtain the elements in this double coset, we must 
first find the transversals of N12) in N. We found that the transversals of N(®2?) in 
N, are all the elements in S4. 

Now we can apply the transversals to Ntotite by conjugation to obtain the 


different single cosets in [012}: 


N (totyta)/4™) = Ntotite 
N (totyte)h = Ntytote 
N (totitz)'2 = Ntotytp 
N (toty to) = Ntgtite 
N (totyts)?) = Ntotety 
N (totyte)?) = Ntotate 
N (totite)?") = Ntotits 
N (totyt.)O) = Neytste 


N (totyt2) ©?) = Negtote 

N (totyt2)©?) = Netoto 

N (totita)?) = Ntotot 

N (totitz) ©?) = Ntotyts 

N (totata) ©? = Ntgtzto 

N (totrte)“b?*) = Ntotets 

N (totyt2)3) = Ntotst, 

N (totit)h®) = Ntytots 

N (totytz)?”) = Nixtsto 

N (totyta) 0? 9) = Negtgt 

N (totyt2) ©?) = Netgtots 

N (totit) 7)? = Ntgteto 

N (totate) OY) = Ntgtoty 

N (totita) OPO = Neztots 

N (tot te) ©2)43) = Negtgta 

N (totitg) 9) = Negtoti 

Therefore [012] = 

{Ntotite, Ntototi, Ntotits, Ntotst:, Ntotats, Ntotste, Ntitote, Ntitoto, Ntitots, 
Néytgto, Ntitots, Nt tgte, Ntotot1, Ntgtrto, Ntotots, Ntotsto, Ntatits, Ntotsth, 
Ntgtot, Ntgtito, Ntgtote, , Ntateto, Ntgtite, Ntgtats} 


Now, we must take a representative of each orbit of N(12) and apply it 


to Nigtite to determine if it will extend or collapse the Cayley graph: 


Ntotite - to = Ntotitato 

This is a new double coset which we will label as [0120]. 
Since the orbit of 0 is of length 1, 

one t; will extend the Cayley graph from [012] to [0120]. 


Ntotite - tr, = Ntotiteti 
But we found that [0121] ~ [012]. 
Since the orbit of 1 is of length 1, 
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29 
one t; maps [012] to (012). 


Ntotite - te = Nioti (tz)? = Nit; € [01). 
Since the orbit of 2 is of length 1, 
one ¢; will collapse the Cayley graph from [012] to [01]. 


Ntotite + t3 = Niotitats. 

This is a new double coset which we will label as [0123]. 
Since the orbit of 3 is of length 1, 

one ¢; will extend the Cayley graph from [012] to [0123]. 


Now, consider the double coset Ntgtitet3N which we denoted [0123]. To obtain 
the elements in [0123], we must first find the point stabiliser of 0,1,2, and 3, denoted 
N°l23_ The point stabiliser consists of permutations in N = Sq which fix 0,1, 2 and 
3. The set stabiliser N(0123) > 10123 — ((1)). Thus, |N(125)| = 1. To find the orbits 
of N123) on {0,1,2,3}, we conjugate 0,1,2 and 3 by N(©!9). The orbits of (0128) 
are {0}, {1}, {2} and {3}. The number of single cosets in the double coset [0123] is 
obtained by dividing ora] = a4 = 24, To obtain the elements in this double coset, 
we must first find the transversals of N(!23) in N. The transversals of N(!23) in N are 
all the elements in 94. 

Now we can apply the transversals to Niotjtet3 by conjugation to obtain the 


different single cosets in (0123): 


N (totitats)'@) = Ntotitats 
N (totitats)° = Netytotets 
N (tottets)"2 = Ntotitota 
N (totytatz)° = Nigtiteto 
N (totitat3)‘") = Ntotetrts 
N (totitats)) = Ntotstots 
N (totrtat3)° = Ntotitste 
N (totitat3) Or) = Niztsteto 
N (totitots) ©?) = Negtotet 
N (toti tats)" = Ntitetots 
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N (totitots)?)) = Ntetotits 
N (totitotg) ©?) = Ntetrtato 
N (totytatz)%) = Ntgtytote 
N (totitots)"02) = Ntotetat 
N (totitets)"") = Niotgtite 
N (totitotg) 0?) = Ntytotsto 
N (totitat3) ©) = Ntytgtote 
N (totitgtz) >) = Nigtgtito 
N (totitots) 02>) = Ntototsty: 
N (totytet3) ©) = Negtototy 
N (totitats)?) — Negtotite 
N (totitats)O VE") = Ney totste 
N (totitots)0 2 = Negtgtots 
N (totitgtg) 9) = Negtotito 


Therefore [0123] = 

{Ntotitots, Ntitotots, Ntotitots, Ntgtitato, Ntotetits, Ntotstati, Ntotitsto, Ntitstoto, 
Ntgtotet1, Ntitetots, Ntototits, Ntotitgto, Nistitote, Ntotatgti, Ntotatite, Ntitetsto, 
Ntytgtote, Ntotstito, Ntatotgti, Ntgtetot1, Ntgtotite, Ntitotste, Ntatstoti, Ntgtotito} 


Now, we must take a representative of each orbit of N(@123) and apply it to 


Niotitets to determine if it. will extend or collapse the Cayley graph: 


Ntotitats - to = Ntotitatsto 

This is a new double coset which we will label as [01230]. 
Since the orbit of 0 is of length 1, 

one ¢; will extend the Cayley graph from [0123] to (01230). 


Ntotitots -t) = Ntotytetat 

This is a new double-coset. which we will label as [01231]. 
Since the orbit of 1 is of length 1, 

one ¢; will extend the Cayley graph from [0123] to (01231). 
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Ntotitots - te = Nigtytatgte 

But we found that [01232] ~ [0123]. 
Since the orbit of 2 is of length 1, 
one t; will map [0123] to [0123] 


Ntotitots -t3 = Ntotite (t3)" = Ntotite € [012]. 
Since the orbit of 3 is of length 1, 
one ¢; collapse the Cayley graph from [0123] to [012]. 


Now, consider the double coset Ntgtitetp N which we denoted [0120]. To obtain 
the elements in [0120], ee must first find the point stabiliser of 0,1 and 2, N°!29. Note 
that in this double coset, we have the relation (0,1, 2,0] ~ [2,1,0,2]. The point stabiliser 
consists of permutations in N = S4 which fix 0,1,2 and permute 3. Hence, the set 
stabiliser of 0,1 and 2, N20) > 779120 and, due to the relation mentioned above,the 
set stabiliser N(!20) increases: 

N (totytaty) ©? = Ntotitote = Ntotyteto, (-." (0,1, 2, 0] ~ [2,1,0, 2]) 

=> (02) € N(0120) 

So, 100120) — ((02)) 


Thus, |V(!20)| = 2. To find the orbits of NO!) in {0,1,2,3}, we conjugate 0,1, 2 
and 3 by N12), The orbits of N(€1?9) are {0,2}, {1} and {3}. The number of single 
cosets in the double coset [0120] is obtained by dividing oe = 4 = 12. To obtain 
the elements in this double coset, we must first find the transversals, of N29) in N. 
The transversals of N(!20) in Nare 

Id(N), (1, 2) (3, 0) , (2,3), (1,3), (1,3, 0, 2), (1, 2,0), 

(1,0, 3,2) , (1, 2,3), (1,0, 3), (1,3, 2,0}, (1, 0, 2) , (3, 0). 


Now we can apply the transversals to Ntotitetp by conjugation to obtain the 


different single cosets in (0120): 


(tot toto (2%) = Ntotitato 

(toti tat)" E — Negtetits 
(totrteto)) = Ntotitsto 
( 


N 
N 
N 
N (totitoto) = Ntotstato 
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N (totitato)*°) = Ntatatite 

N (totitato)? = Neytotot 

N (totitatp) 0?) = Ntgtotits 

N (totitato)?) = Niptetsto 

N (totytotp) >) = Ntgtptots 

N (totytato)'"? = Ntytgtots 

N (totxtato)) = Ntetotite 

N (tot tato) = Ntgtitete 

Therefore (0120] = 

{Niptytoto, Ntgtatyts, Ntotytgto, Ntotgteto, Ntotstite, Ntitetot:, Ntatotits, Ntotetato, 
Ntgtotets, Ntitstoti, Ntototite, Ntgtitats} 


Now, we must take a representative of each orbit of N12) and apply it to 


Niotitatq to determine if it will extend or collapse the Cayley graph: 


Nipotiteto + tp = Ntotite (to)? = Niotite € [012] 
Since the orbit of 0 is of length 2, 
two #;’s will collapse the Cayley graph from [0120] to [012] . 


Ntotitato ‘y= Ntotytetoti 
Since the orbit of 1 is of length 1, 
one t; will extend the Cayley graph from [0120] to [01201]. 


Nitotitatg -t3 = Ntotitetots 
Since the orbit of 3 is of length 1, 
one t; will extend the Cayley graph from (0120] to [01203] 


Now, we look at the double coset NtotitetgtaN which we denoted [01230]. To 
obtain the elements in [01230], we must first find the point stabiliser of 0,1,2, and 3, 
N°230, The point stabiliser consists of permutations in N = S4 which fix 0,1,2 and 3. 
The set stabiliser, N(125°) > V01230 thus, |V(01280)| — 1. In order to find the orbits 
of N(01230) in {0,1,2,3}, we conjugate 0,1,2 and 3 by N28), The orbits of N(01230) 
are {0}, {1},{2} and {3}. The number of single cosets in the double coset [01230] is 
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obtained by dividing Tool = a4 = 24. To obtain the elements in this double coset, 
we must first find the transversals of N(230) in N. The transversals of N(1230) in NV 


are all the elements in Sy. 


Now we can apply the transversals to Nigtjtatsto by conjugation to obtain the 


different single cosets in (01230): 


N (totitatgto 34) = Ntotitatsto 

N (totitgtgtp) = Ntytotetsti 

N (totitatgty) 2 = Ntotitotste 

N (totitatgto) = Ntgtitatots 

N (totitotgto)“' = Ntptatitato 

N (totitgtato) > = Ntotgtetito 

N (totitat3to)) = Ntotitstato 

N (totitatgto) Ol = Ntitstatoty 
N (totitotgto) ©) = Negtotatits 

N (totytatgto)>? = Netytototgtz 
N (totitatgto)?) = Ntgtotitste 

N (totrtotgtp) ©?) = Ntotrtatots 

N (totitetgto) >” = Ntgtitotets 
N (totitotato)'t") = Ntotetstito 

N (totitatato)'??”) = Ntotstitato 

N (totrtotgtp) >?) = Nixtotstot 
N (totitatgtp) 2) = Ntitgtotety 
N (totutatgto) 2) = Ntgtgtitote 
N (totrtatgtp) ©?) = Ntatotgtite 
N (totitatgto) 3!) = Ntgtatotatg 
N (totytotgty) ©? = Ntgtotitets 
N (totitotgtp) OPO?) = Ney totgtety 
N (totitotgto) O°?) = Ntotgtotite 
N (totytatstp) 9 = Negtotitots 


Therefore [01230] = 
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{Ntotitotsto, Ntitotetst:, Ntotitotgte, Ntgtitetots, Ntotetitsto, Ntotgtatito, 
Niotitgteto, Ntrigtotot:, Ntgtotetits, Ntytatptst,, Ntototitste, Ntetitstote, 
Ntgtztotet3, Ntotetstito, Ntotatiteto, Ntitotstot1, Ntitgtotet:, Ntetstitote, 
Ntatotgtite, Ntstototits, Ntstotitots, Ntitotatet1, Ntotstotite, Ntstatitots} 


Now, we must take a representative of each orbit of N‘!25°) and apply it to 


Ntotitetgto to determine if it will extend or collapse the Cayley graph: 


Ntotitetgto - to = Ntotitats (to)? = Ntotitets € [0123] 
Since the orbit of 0 is of length 1, 
one ¢; will collapse the Cayley graph from [01230] to [0123]. 


Ntotitatsto - ty = Ntotitetstoti 

This is a new double coset which we will label as [012301]. 
Since the orbit of 1 is of length 1, 

one ¢; will extend the Cayley graph from [01230] to [012301]. 


Niotitotgto » te = Ntotitotstote 

This is a new double coset which we will label as [012302]. 
Since the orbit of 2 is of length 1, 

one ¢; will extend the Cayley graph from [01230] to [012302]. 


Niptitotsto -t3 = Ntotitotstots 

But we found that [012303] ~ [01203]. 

This is a new double coset which we will label as [01203]. 
Since the orbit of 3 is of length 1, 

one ¢; maps from [01230] to the new double coset [01203]. 


Now, we look at the double coset Ntotitetst;N which we denoted [01231]. To 
obtain the elements in [01231], we must first find the point stabiliser of 0,1,2, and 3, 
denoted by N°!231_ Note that for this double coset, we obtained the following relation 
(0,1, 2,3, 1] ~ [0,3,2,1,3]. The point stabiliser consists of the permutations in N = S4 
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which fix 0,1,2 and 3. The set stabiliser N(0123)) > W281 and, due to the relation 
mentioned above, N1231) increases: 

N (totitatgt:)°9 = Neotstetits veteZion Ntotatatati => (18) € N (01231) 

So, (01231) ((18)) 
Thus, |’ (01281)) — 2, In order to find the orbits of N (01231) in {0,1, 2,3}, we conjugate 
0,1,2 and 3 by N(©1231), The orbits of N(°!?3) are {0}, {1,3} and {2}. The number of 
single cosets inside the double coset [01231] is obtained by dividing [ror = a = 12, 
To obtain the elements in this double coset, we must first find the transversals of N(©1231) 
in N. The transversals of N(1231) in N are Id(N), (0, 1,2, 3) , (2,3), (0,2) ,(0,1,3), 
(0, 1,2) , (1, 2) (0,3), (0, 3,2) , (0, 2,3, 1) , (0,2, 1,3), (1,2), (0,3, 1). 


Now we can apply the transversals to Ntotitetgt; by conjugation to obtain the 
different single cosets in [01231]: 


N (tottatgt;)/¢) = Nitotitotgt 
N (totitatsty) 2) = Ntitotstote 
N (éotitotati)'2*) = Niotitstet 

N (totitatat:) = Neégtitotgt 

N (totitatgty)°®) = Neytgtatots 
N (totitetst) >” = Niytototste 
N (totrtatgt:)\1 ©) = Ntgtatitote 
N (totatotgt;) ©? = Négtytotet: 
N (totytatgt;) 2) = Ntototstito 
N (totitatgt;) ©?) = Ntotgtitots 
N (totitatgty)? = Ntotetitste 

N (totrtotgt:) ©?) = Negtotatito 


- Therefore [01231] = 
{Niotitetst, Ntytatgtote, Ntotitgteti, Ntotitotat1, Ntitgtotots, Ntitetotste, 
Nigtotitote, Ntgtitotet:, Ntatotgtito, Ntotatitots, Ntototitste, Nigtotatito} 


Now, we must take a representative of each orbit of N’ (01231) and apply it to 


Niotytet3t; to determine if it will extend or collapse the Cayley graph: 
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Niotitotgt - to = Ntotitatztito 

This is a new double coset which we will label as [012310]. 
Since the orbit of 0 is of length 1, 

one t; will extend the Cayley graph from [01231] to [012310] . 


Ntotitotgt - t) = Ntotitets (t1)* = Ntotitets € [0123] 
Since the orbit of 1 is of length 2, 
two t;’s will collapse the Cayley graph from [01231] to [0123]. 


Ntotitgtgt: - te = Ntotitotstite 

This is a new double coset which we will label as [012312]. 
Since the orbit of 2 is of length 1, 

one ¢; will extend the Cayley graph from [01231] to [012312] 


Now, we look at the double coset Ntotitgtpti NV, denoted above as (01201). To 
obtain the elements in the double coset [01201], we must first find the point stabiliser of 
0,1 and 2, N®29l_ The point stabiliser consists of permutations in N = $4 that fix 0,1, 
and 2. The set stabiliser, N(01201) > 49201, In this double coset, we have the relations 
(0,1, 2,0, 1] ~ [2,0,1,2,0] ~ [2,1,0,2,1] ~ [1,2,0,1,2] ~ [1,0,2,1,0] ~ [0,2,1,0, 2]. 
Due to this relation, the set stabiliser, N(©!20), increases: 

N (totitotot,) ©) = Ntatitoteti vet ion Ntotitatot: => (02) € (O12) 

So, N(01231) > {(02)) 

N (totitatot1)©2) = Ntetotitoto sea Niotitatoty —> (021) € N(01201) 

Now, N(!201) > ((02) , (021)) & S3. 


Thus (01201) — $3 and therefore |N(01200)| = 3! = 6. In order to find the 
orbits of N{1201) in {0,1, 2,3}, we conjugate 0,1,2 and 3 by N(@20))_ The orbits of 
N(01201) are {£3} and {0, 1,2}. The number of single cosets in the double coset [01201] 
is obtained by dividing alan = a = 4. To obtain the elements in this double coset, 
we must first find the transversals of N12) in N. The transversals of N(1201) in N 
are Id(N), (0,1, 2,3), (1,0, 2, 3) , (1,3) (0, 2). 
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Now we can apply the transversals to Ntptitatgt; by conjugation to obtain the 


different single cosets in [01201]: 


N (totytotot:)'@) = Ntotytotots 

N (totytotot;) 1?) = Ntztetgtite 

N (totitatots) °°) = Ntototatato 

N (totitotot 2 = Ntotstotets 

Therefore [01201] = {Nitptitatoti, Ntitatgtite, Ntototgteta, Ntatgtotats} 


Now, we must take a representative of each orbit of N(!20) and apply it to 


Ntotitotot, to determine if it will extend or collapse the Cayley graph: 


Niotitototy - t1 = Ntotrtato (#1)? = Ntotitato € (0120) 
Since the orbit of 1 is of length 3, 
three é;’s will collapse the Cayley graph from [01201] to [0120]. 


Niptitototr - ts = Ntotitetotits 
This is a new double coset which we will label as (012013). 
Since the orbit of 3 is of length 1, 

one t; will extend the Cayley graph from [01201] to [012013]. 


Now, we look at the double coset NtotitetotsN which we denoted [01203], 
above. To obtain the elements in the double coset [01203], we must: first find the point 
stabiliser of 0,1,2 and 3, N®!23_ The point stabiliser consists of permutations in N = S4 
which fix 0, 1,2 and 3. The set stabiliser N(01203) > 91203, Tn this double coset, we have 
the relation (0,1, 2,0,3] ~ [2,1,0,2,3]. Due to this relation, the set stabiliser, N10) , 
increases: 

N (totitotots) ©? = Ntotytotats vetzion Ntotitatots => (02) € (01203) 

So, (01203) — ((02)) 

Thus, |V(01293)| = 2! = 2. In oorder to find the orbits of N(1208), we conjugate 0, 1,2 
and 3 by N(1203), The orbits of N(°1293) are {1}, {3} and {0,2}. The number of single 
cosets in the double coset [01203] is obtained by dividing OTE] a S12) 


N 
To obtain the elements in this double coset, we must first find the transversals of N(©1203) 
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in N. The transversals of N23) in N are Id(N), (1, 2) (0,3), (2,3), (1,3), (1,3, 0,2), 
(1, 2,0), (1,0, 3, 2) , (1,2, 3) , (1,0, 3), (1, 3, 2,0) , (1,0, 2), (0, 3) 

Now we can apply the transversals to Ntgtitatots by conjugation to obtain the 
different single cosets in (01203): 


N (totitatots /4™) = Ntotitotots 
N (totitatots)‘b? 9) = Neégtotitsty 
N (totytatots)% = Ntotitstote 

N (totitgtots)) = Ntotgtetot 

N (totrtatotg) >) = Ntetgtrtato 
N (totitatots)42 = Ntytetotits 
N (totitototz)>?) = Ntgtotitste 
N (totitotots)"t?) = Ntototatoty 
N (totitototg)0) = Neégtotatstr 
N (totytatotz) 9?) = Neytgtotite 
N (totitototg)"b) = Ntototitets 
N (totitatots)©*) = Ntgtitetsto 


Therefore [01203] = 
{Niotitatots, Ntgtetitsto, Ntotitgtote, Ntotgtetotr, Ntatstiteto, Ntitototits, 
Netgtotitgte, Ntotetgtot1, Ntgtotetsti, Ntitatotite, Ntototitets, Ntgtitatgto} 


Now, we must take a representative of each orbit of N(1203) and apply it 


to Néptitetot3 to determine if it will extend or collapse the Cayley graph: 


Ntotitotots -t3 = Ntotiteto (tg)” = Ntotitoto € [0120] 
Since the orbit of 3 is of length 1, 
one t; will collapse the Cayley graph from [01203] to [0120]. 


Niotitotots «t1 = Ntotitetotsty 

This is a new double coset which we will label as (012031). 
Since the orbit of 3 is of length 1, 

one t; will extend the Cayley graph from [01201] to (012013). 
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Nigtitotots + to = Ntotitetotste 

But we found that [012032] ~ [01230] 
Since the orbit of 2 is of length 2, 

two ¢;’s will map from (01203] to {01230]. 


Now, we look at the double coset Niotitetgtot1 N which we denoted (012301). 
To obtain the elements in [012301], we must first find the point stabiliser of 0,1,2, and 
3, N°12301. The point stabiliser consists of permutations in N = $4 which fix 0, 1,2 
and 3. The set stabiliser, N(12900) > 7702301. Thus, |N areal = ]. In order to 
find the orbits of N(€123°) in {0,1, 2,3}, we conjugate 0,1,2 and 3 by N©!7801) | The 
orbits of N(!280) are {0}, {1}, {2} and {3}. The number of single cosets in the double 
coset [012301] is obtained by dividing [wor] = 4 — 24. To obtain the elements in 
this double coset, we must first find transversals of N(°12391) in N. The transversals of 


(12301) in Nare all the elements in S4. 


Now we can apply the transversals to Ntotitotgtpti by conjugation to obtain 
the different single cosets in [012301]: 


N (totytatgtot) (2) = Ntotytetstoty 
N (totitatgtoti)" = Ntytotatatito 
N (totitatgtot1)\? = Ntgtrtotatet 
N (totytotgtoti)° = Negtitatotsty 
N (totitatstoty)” = Ntotetitatote 
N (totitotgtot:)‘b) = Ntotgtatitots 
N (totitotgtoti)?") = Neotitstatoty 
N (totitotgtot,)>*) = Ney tgtatotits 
N (totrtatstot:)*) = Ntgtotetitsto 
N (totitatstot:) ©” = Neitetotstite 
N (totatotgtot:) 2") = Ntototrtstato 
N (totitatgtot:) ©) = Ntotytstotet 
N (totitotatot:) >” = Netgtitotetst 
N (totatotgtot:) 2) = Niototstitote 
N (totitatgtoty)°*) = Ntotatitatots 
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N (totitotgtot) 2?) = Ntytetstotite 

N (totytotgtpt:) ©?) = Netytstotetits 

N (totitotgtot) ©?) = Ntotstrtotats 

N (totitotatot;)©?*) = Ntetotgtitoto 

N (totrtatgtot;) >!) = Négtototitste 

N (totrtatgtot:) 8?) = Negtotrtotsto 

N (totatatgtoti) OY? = Ntrtotstotito 

N (totitatgtot1) 0?) 9) = Ntotgtgtitats 

N (totitotgtoty) 09) = Negtotrtotste 

Therefore [012301] = 

{Ntotitotatot1, Ntrtotetstito, Ntetitotstetr, Ntgtitetotati, Ntotatitatote, Ntotstatitots, 
Ntotitgtatot:, Ntrtgtototits, Ntgtotetitato, Ntitototatite, Ntototitgteto, Ntatitstotat, 
Ntgtitotetst,, Ntotetstitote, Ntotstitatots, Ntitotatotite, Ntitstotetits, Ntatstitoteta, 
Ntototgtiteto, Nigtetotitate, Nigtotitet3to, Ntitotatetito, Ntotstotitets, N tgtotitotate} 


Now, we must take a representative of each orbit of N(°12301) and apply it to 


Nitotitotatot, to determine if it will extend or collapse the Cayley graph: 


Ntotitetgtotr - to = Ntotitotstotito 

But when checking if this double coset was new, 

we found [0123010] ~ [012310]. 

=> Ntotitotgtotity = Ntotitetstito € [012310] 

Since the orbit of 0 is of length 1, 

one ¢; will map [012301] to the new double coset [012310]. 


Ntotitotgtoty - t1 = Ntotitatgto (t1)” = Ntotitatgta € [01230] 
Since the orbit of 1 is of length 1, 
one t; will collapse the Cayley graph from [012301] to (01230). 


Niotitotgtoti - te = Ntotitotgtotite 
This is a new double coset which we will label as [0123012]. 
Since the orbit of 2 is of length 1, 
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one t; will extend the Cayley graph from [012301] to [0123012]. 


Ntotitatgtoty - tg = Ntotitatstotits 

This is a new double coset which we will label as [0123013]. 
Since the orbit. of 3 is of length 1, 

one t; maps from [012301] to the new double coset [0123013]. 


Now, we look at the double coset NiotytetgtpteN which we denoted [012302]. 
To obtain the elements in [012302], we must first find the point stabiliser of 0,1, 2, 
and 3, N°12302. The point stabiliser consists of permutations in N = $4 which fix 
0,1,2 and 3. The set stabiliser, N(©12302) > 7v012302, Ty this double coset, we have the 
relation [0, 1, 2,3, 0,2] ~ [2,1,0,3, 2,4]. Due to this relation, the set stabiliser, N12), 
increases: 

N (totitatgtote)©” = Ntotitotateto “ction Ntotatatatote => (02) € N (012302) 

So, N (012302) > ((02)) aS, => (012302) = 95 
Thus, | N(012802)| — 21 = 2. In orer to find the orbits of N39) in {0, 1, 2,3}, we conju- 
gate 0,1,2 and 3 by N{(©12802)_ The orbits of N (012802) are {1} , {3} and {0,2}. The num- 
ber of single cosets in the double coset [012302] is obtained by dividing [OTE = 2 
12. To obtain the elements in this double coset, we must first find the transversals of 
N(©12302) in N. The transversals of N(€1250) are: Jd(N), (1, 2) (8,0), (2,3), (1,3) , (1,3, 0,2), 
(1, 2,0) , (1,0, 3,2), (1, 2,3), (1,0,3), (1,3, 2,0), (1,0, 2) , (3, 0) 


Now we can apply the transversals to Nigtitatgtat2 by conjugation to obtain 
the different single cosets in [012302]: 


N (totitotgtote)!%™™) = Neotytetstote 

N (totytotgtot2): 2 = Ntgtotytotgtr 
N (totitatgtote)) = Ntotitstetots 

N (totytotgtote)») = Ntotatotitote 

N (tot tot3tote) 9 = Ntotgtitotati 
N (totrtatgtote)? = Ntytototstito 

N (totytotgtote) >) = Negtotitotsty 
N (totitotatot2)t?) = Ntotetstitots 


42 


N (totytotgtote) >) = Ntgtotatitste 
N (totitotgtote) >>") = Nertgtotetto 
N (totitatgtote) >) = Netgtotitgteti 
N (totitetgtote) = Ntgtitetotste 


Therefore [012302] = 
{Ntotitotgtote, Ntgtetitotst:, Ntotitstetots, Ntotgtetitote, Ntotgtitotat:, Neitetotstito, 
Nigtotitatgti, Ntotetstitot3, Ntgtotatitst2, Ntitstotatito, Ntototitgtats, Ntgtitatotgte} 


Now, we must take a representative of each orbit of N(°12302) and apply it to 


Niotitgtstot2 to determine if it will extend or collapse the Cayley graph: 


Ntotitotstote «te = Ntotytotsta (to)” = Nigtitetato 
Since the orbit of 2 is of length 2, 
two ¢,’s will collapse the Cayley graph from [012302] to [01230]. 


Niotitotatote «ti = Ntptitatatotets 

This is a new double coset which we will label as [0123021]. 
Since the orbit of 1 is of length 1, 

one zt; will extend the Cayley graph from [012302] to (0123021). 


Niotitotgtote - tg = Nétgtitetstotats 

But when checking if this double coset was new, 
we found [0123023] ~ [012302] 

Since the orbit of 3 is of length 1, 

one £; maps from [012302] to the [012302]. 


Now, we look at the double coset Nigtitgt3titoN which we denoted [012310]. 
To obtain the elements in [012310], we must first find the point stabiliser of 0,1, 2, 
and 3, N®!2310. The point stabiliser consists of permutations in N = 94 which fix 
0,1,2 and 3. The set stabiliser, N(12910) > 112310, Tn this double coset, we have the 
relation [0,3, 2,1, 3,0] ~ [0,1,2,3, 1,0}. Due to the relation, the set stabiliser, N(012510), 


increases: 
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N (totitatatito)) = Ntotstatitate = Ntotutetstito => (13) < (12510) 

So, N(012310) > ((13)) & Sy > .N(012310) — gy 
Thus, |N (012310)! — 21 = 2, In order to find the orbits of N (012310) in {0, 1,2, 3}, 
we conjugate 0,1,2 and 3 by N(°!2310), The orbits of N(?319) are {0},{2} and 
{1,3}. The number of single cosets in the double coset [012310] is obtained by di- 
viding aE = 4 = 12. To obtain the elements in this double coset, we must 
first find the transversals, of N(°!2810) in N. The transversals of N(912310) in W are: 
Id(N), (1, 2,3, 0) , (2,3) , (2,0) , (1,3, 0), (1, 2,0) , (1, 2) (3, 0) , (2, 0,3), (1, 0, 2, 3), 
(1,3,0,2), (1,2), (1,0,3). 


Now we can apply the transversals to Ntotitgt3titq by conjugation to obtain 
the different single cosets in [012310]: 


N (totitotatito)?%) = Ntotitatstito 
N (totitotgtito)?" = Ntytotstotaty 
N (totytatatito.)*) = Netotrtatetito 

N (totatotgtito) > = Ntotytotstite 

N (totitotatito)"°* = Neytgtetotatr 
N (totitotgtito)'? = Ntytototgtatr 
N (totrtotatito)\: EO = Negtatitotets 
N (totytotgtito)° = Negtrtotetits 
N (tottotgtito)°?) = Ntgtotstitote 
N (totitotgtitp)t? 9) = Ntptgtytotate 
N (totitotgtito)”) = Niotetitgtoto 

N (totitetgtity) tr) = Ntgtotetitots 


Therefore [012310] = 
{Ntotitatgtito, Ntitetgtotet:, Ntotitatetito, Ntetitotstit2, Ntrtgtatotsti, Ntitototstety, 
Nigtatitotet3, Nistitotetits, Ntototatitote, Ntetatitotste, Ntotetitgteto, Ntatotetitots} 


Now, we must take a representative of each orbit of N(€12319) and apply it to 


Ntotitet3tito, to determine if it will extend or collapse the Cayley graph: 


Niotitotgtito + te = Ntotitetsty (és) = Ntotitetsty 
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Since the orbit of 0 is of length 1, 
one t; will map from [012310] to [01231] . 


Ntotitotgtyt - te = Nitotytetstytote 

This is a new double coset which we will label as [0123102]. 
Since the orbit of 2 is of length 1, 

one t; will extend the Cayley graph from [012310] to [0123102]. 


Niotitotgtity «t1 = Nigtitetgtitots 

But when checking if this double coset was new, 
we found [0123101] ~ [012301] 

Since the orbit of 1 is of length 2, 

two ¢;’s map from [012310] to [012301]. 


Now, we look at the double coset NigtitgtgtitaN which we denoted [012312]. 
To obtain the elements in[012312], we must first find the point stabiliser of 0,1,2, and 
3, N°2312 The point stabiliser consists of permutations in N = 94 which fix 0,1,2 and 
3. The set stabiliser, N{012312) > -y012312_ In this double coset, we have the relations 
(0,1, 2,3, 1, 2] ~ (0,3, 1, 2,3, 1] and (0,1, 2,3, 1,2] ~ [0,1,3, 2,1, 3] . Due to this relation, 
the set stabiliser, N(1!2312) increases: 

N (totitotgtite) “3 = Netotgtitotsts “ction Ntotatotstite => (182) ¢ N(1?512) 

N (totytotgtite)°? = Ntotytatetits “econ Ntotutatstita => (28) € NN (012312) 

So, (012810) > ((132) , (23)) & $3 >.N(012510) — 3g, 
Thus, |N©1312)| — 3! = 6. In order to find the orbits of N(1?512) in {0,1,2,3}, we 
conjugate 0,1,2 and 3 by N(!512)_ The orbits of N(1312) are {0} and {1,2,3}. The 
number of single cosets in the double coset [012312] is obtained by dividing atthe = 
24 = 4. To obtain the elements in this double coset, we must first find the transversals 
of N(012312) in N. The transversals of N(!512) in N are: Fd(N), (1,2, 3,0), (1,3) (2,0), 
(1,0, 3, 2). 


Now we can apply the transversals to Nigtitotatjt2N by conjugation to obtain 
the different single cosets in [012312]: 
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N (totitotgtyte)/@™) = Netotitatstite 

N (totitotgtptg)?> = Ney totstotats 
(1,3)(2,0) _ 

N (totitetgtite) = Ntotgtgtytgto 

N (totitotgtit,) oF = Nigtotitetots 


Thus, (0123 12] = {Ntotitotst, ty, Nt totgtotets, Ntotstot isto, Nigtotitetots} 


Now, we must take a representative of each orbit of N(!2512) and apply it 


to Nigtitetstrte to determine if it will extend or collapse the Cayley graph: 


Ntotitotgtite - te = Ntotitotats (te)? = Ntotitetsty 
Since the orbit of 2 is of length 3, 
three t;’s will map from [012312] to [01231]. 


Nitotitotgtite - to = Ntotitetstiteto 

This is a new double coset which we will label as [0123120]. 
Since the orbit of 0 is of length 1, 

one ¢; will extend the Cayley graph from [012312] to [0123120]. 


Now, we look at the double coset NiptitetgtitszN which we denoted {012013]. 
To obtain the elements in [012013], we must first find the point stabiliser of 0,1,2, and 
3, N°2013. The point stabiliser consists of permutations in N = S4 which fix 0,1,2 
and 3. The set stabiliser, N(012018) > 4v012013 In this double coset, we obtained the 
following relations [0,1,2,0,1,3] ~ [0,2,1,0,2,3] and [0,1,2,0,1,3] ~ [1,2,0,1,2,3] . 
Due to this relation, the set stabiliser, N(€12°!5), increases: 

N (totytatotyts) 0! = Neytototrtets vet sion Ntotrtatotits => (012) € (012013) 

N (totitetotitz)"° = Ntototitotets veiion Ntotitototits => (12) € N (012013) 

So, N(012018) > ((012) , (12)) & S3 =NOM19) — gy 
Thus, |V(012015)) — 31 = 6. In order to find the orbits of N(012013) in {0,1,2,3}, we 
conjugate 0,1,2 and 3 by N@1918)_ The orbits of N{12913) are {3} and {0,1,2}. The 
number of single cosets in the double coset [012013] is obtained by dividing [ROTTS] = 
a = 4, To obtain the elements in this double coset, we must first find the transversals 
of N (12013) in N. The transversals of N(12018) in N are: Id(N), (1,2,3, 0), (1, 3) (2,0), 


46 
(1,0, 3, 2) 


Now we can apply the transversals to Nigtitetgtits by conjugation to obtain 
the distinct single cosets in [012013]: 


N (totitatotits)/4™) = Ntotrtototits 

N (totztototitg)?*) = Neytotgtrtoto 
N (totytatotytg) 9? = Ntotgtotetsty 
N (totitatotits)°*) = Negtotitgtote 


Therefore [012013] = {Niotitetotits, Ntitetgtiteto, Ntotgtotetst:, Ntgtotitstote} 


Now, we must take a representative of each orbit of N(°1?013) and apply it to 


Ntotitotgtitg to determine if it will extend or collapse the Cayley graph: 


Niotitetotits + tg = Niotitetot1 (t3)” = Ntotitotot 
Since the orbit of 3 is of length 1, 
one ¢; will collapse the Cayley graph from [012013] to [01201] . 


Niotitotatite - to = Ntotitetstiteto 

But when checking if this double coset was new, 
we found [0123120] ~ [012031] 

Since the orbit of 0 is of length 3, 

three ¢;’s map from [012013] to [012031]. 


Now, we look at the double coset Ntotitetotsti1N which we denoted [012031]. 
To obtain the elements in [012031], we must first find the point stabiliser of 0,1,2, and 
3, N12031_ The point stabiliser consists of permutations in N = $4 which fix 0, 1,2, and 
3. Notice that in this double coset, we have the relation [0,1, 2, 0,3, 1] ~ [2, 1,0, 2,3, 1]. 
Due to the relation mentioned above, the set stabiliser, N(12031) increases: 

N (totrtatotst:)©” = Ntatitotatst: = Ntotitatotat: > (02) ¢ N(1208) 

So, (012031) > ((02)) = S, => Jy (012031) = So 
Thus, |N(012031)| = 2! = 2. In order to find the orbits of N{©93)) in {0,1,2, 3}, 
we conjugate 0,1,2 and 3 by N(12031). The orbits of N(12031) are {1}, {3} and 
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{0,2}. The number of single cosets in the double coset [012031] is obtained by di- 
viding [WOR] = x = 12. To obtain the elements in this double coset, we must 
first find the transversals, of N(0!203)) in N. The transversals of N(12031) in N, are 
Id (N), (1,2) (3,0), (2,3), (1,3), (1,3, 0,2), 

(1,2, 0), (1,0, 3, 2) , (1, 2,3) , (1,0, 3), (1, 3, 2, 0), (1,0, 2), (8, 0) 


Now we can apply the transversals to Ntotitetptst1 by conjugation to obtain 
the distinct single cosets in [012031]: 


N (totitototat:)?) = Ntotitototats 
N (totitatotgt,) 2° = Negtotitgtote 
N (totitototgt,)@) = Ntotrtgtotety 

N (totitatotgti){) = Ntotatatotits 

N (totytototsti) (0) = Ntotgtztotots 
N (totitototgt;)? = Netytototitate 
N (totytatotgt,)°?) = Negtotitgteto 
N (totitototgt,)b?) = Ntptotgtotite 
N (totitototgt:) 1°) = Négtotetgtito 
N (totitatotst;) Ot?” = Neytgtotitets 
N (totitototst:)\ 1%) = Ntototitotato 
N (totitatotgt:) = Ntgtytetstot 


Therefore [012031] = 
{Niotitototst:, Nigtetitgtote, Ntotitgtotet:, Niptgtetotits Ntatgtytotot3, Ntitetotitste, 
Nigtotitgteto, NtotatstotiteN tgtototgtito, Ntitatotitats, Ntototitetsto, Ntgtitatatot, } 


Now, we must take a representative of each orbit of N(°123)) and apply it 


to Nitgtitetpigt, to determine if it will extend or collapse the Cayley graph: 


Néotitototaty - t1 = Ntotitotots (ti)° = Netotitetots 
Since the orbit of 1 is of length 1, 
one t; will collapse the Cayley graph from [012031] to [01203]. 
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Nigtytototst - t3 = Nitotitototstits 

But when checking if this double coset new, 
we found [0120313] ~ [012013] 

Since the orbit of 3 is of length 1, 

one t; maps from [012031] to [012013]. 


Ntotitototst: «to = Ntotitototstito 

But when checking if this double coset was new, 
we found [0120310] ~ [0123013] 

Since the orbit of 0 is of length 2, 

two t,’s map from [012031] to [0123013]. 


Now, we look at the double coset Ntotitatgtotite N which we denoted [0123012]. 
To obtain the elements in [0123012], we must first find the point stabiliser of 0,1, 2, and 
3, N°123012 The point stabiliser consists of permutations in N = $4 which fix 0,1,2 and 
3. The set stabiliser, N(0123012) > 70123012 Thyg, |N izes) | = 1. In order to find the 
orbits of N(0128012) in {0,1,2,3}, we conjugate 0,1,2 and 3 by N©128012) | The orbits 
of N(0128012) are {0} , {1} , {2} and {3}. The number of single cosets in the double coset 
[0123012] is obtained by dividing [WORT] = 44 = 24. To obtain the elements in this 
double coset, we must first find the transversals, of N(128912)in N. The transversals of 


(0123012) in N, are all the elements in S4. 


Now we can apply the transversals to Ntgtitotgtptyte by conjugation to obtain 
the distinct single cosets in (0123012): 


N (totitatgtotite)@™) = Neotitetstotite 
N (totitotatotite)" = Ntytotetgtitote 
N (totitatgtotite)? = Ntotytotgtatat 
N (totitotgtotite)° = Ntgtytetotatite 
N (totitotgtotite)?) = Ntototitstotat 
N (totitotgtotit)‘b*) = Ntotgtetatotste 
N (totitatgtotite) = Ntotitgtetotits 
N (totytotgtotyte) >) = Neytgtototitgte 
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N (totitatgtotyt,) 3) = Netgtotatytetote 
N (totitotgtotyte) Oh?) = Neztototgtitoty 
N (totrtatgtotite) © = Ntototrtatetot, 
N (totitatgtotita) 2) = Ntotitstotetats 
N (totitatgtotyte) >) = Negtrtototstito 
N (totitatgtotyte) >>) = Niototgtitotats 
N (totitatatotite)''> = Nigtatitototat 
N (totitatgtotite) ©! 5) = Ney totstotitots 
N (totitgtgtotita) 3?) = Neytstotatitgty 
N (totitatgtotite) 2) = Ntotgtritptatsty 
N (totitatatot te)? = Ntgtotgtitotots 
N (totitatgtotyt2)©>!) = Negtototrtgtato 
N (totitatgtoti te) 02) = Negtotrtotstoty 
N (totitetgtotyte) °F) = Ny totstot tots 
N (totrtatgtott2) ©) <= Ntgtgtptitetaty 
N (totytotgtptyte) 4) = Ntgtotytotstet 


Therefore [0123012] = 

{Nitotitatstatite, Ntitotatst tote, Ntotitotstatito, Ntstitatotstite, Ntotatitstotats, 
Ntotatotitotate, Ntotitstetotits, Ntytgtototitat,, Ntgtotetitgtote, Ntytototstitety, 
Ntototitgtototi, Négtitstotetits, Ntgtitotetgtito, Ntotetstitotatz, Ntotatitototats, 
Ntitetstotitats, Ntitstotatitsta, Ntotgtitotetsti, Ntototstitetots, Ntgtototitgteto, 
Ntgtotitetstot:, Ntitotgtatitots, Ntgtstgtitetsto, Neégtgtytotgtets} 


Now, we must take a representative of each orbit of N(!23012) and apply it 


to Ntotitatstotit, to determine if it will extend or collapse the Cayley graph: 
Ntotitotgtotite - tg = Ntotitetstoty (to) = Niotitetatoti € [012301] 
Since the orbit of 2 is of length 1, 


one t will collapse the Cayley graph from [0123012] to [012301] . 


Ntotitatgtotite «to = Niotitet3toti tata 
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This is a new double coset which we will label as [01230120]. 
Since the orbit of 0 is of length 1, 
one ¢; will extend the Cayley graph from [0123012] to [01230120] 


Ntotytetstotite - ty = Ntotitetgtotitet: 
When checking if this double coset was new, 
we found [01230121] ~ [0123021] 

Since the orbit of 1 is of length 1, 

one ¢; maps from [0123012] to [0123021] 


Niotitetstotite «ts = Ntotitotstotitats 
When checking if this double coset was new, 
we found [01230123] ~ [0123019] 

Since the orbit of 3 is of length 1, 

one ¢; maps from [0123012] to [0123012]. 


Now, we look at the double coset NtotitetgtotitsNV which we denoted [01230193]. 
To obtain the elements in [0123013]. we must first find the point stabiliser of 0,1,2, and 
3, N°23013_ The point stabiliser consists of permutations in N = S4 which fix 0,1, 2 and 
3. The set stabiliser, N(0128913) > 70128013. Phys, | (0123013)! — 1. In order to find the 
orbits of N(0128018) in {0,1,2,3}, we conjugate 0, 1,2 and 3 by N(!28018)_ The orbits of 
N(6123013) are {0}, {1}, {2} and {3}. The number of single cosets in the double coset 
[0123013] is obtained by dividing [HOE = %4 = 24. To obtain the elements in this 


double coset, we must first find the transversals, of N‘122013) in N, The transversals of 


(0128013) in N, areall the elements in S4. 


Now we can apply the transversals to Ntotitetgtptits by conjugation to obtain 
the distinct single cosets in [0123013]: 


N (tottotgtotits)"2™) = Ntotitetgtotits 
N (totitotstotits)" = Ntytotetgtitots 
N (totitotgtotits) = Ntotrtotatetits 
N (totitotstotits)© = Ntgtitetotstito 
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N (totitatgtotits) = Neotettatotets 

N (totitotgtotits)") = Ntotstotitotsty 

N (totytatgtotyt3)"2) = Ntotitstatotite 

N (totitatstotits)") = Ntytstototytato 

N (totitotgtotytz) 2) = Negtotetrtatoty 

N (totatatgtotytg)b” = Ney tototgtitets 

N (totitatatotits)?) = Ntotottstatots 

N (totitatgtptit3)?) = Ntotrtstotatito 

N (totitotgtotitz) 2) = Ntgtrtotetgtits 

N (totitotgtotits)"?) = Neototatitotet 

N (tottotgtotyts)2” = Néotgtitototste 

N (totatotgtotits)h?>) = Ntytetstotitety 

N (totitatgtotits) 1? = Ntztgtotetitste 

N (tot tatstotit3) 2") = Netotgtitotetato 

N (totytotgtptytz)?>) = Ntototgtitatotr 

N (totitatgtotits) >!” = Negtatotitstoty 

N (totitatstotits) 2?) = Netgtotitotstote 

N (totitatatotyts) O09) = Ntytotgtotitote 
N (totytotatotytz) 2%) = Ntotgtotitotst 
N (totytatgtotytz) 9 = Negtotrtotatato 


‘Therefore [0123013] = 

{Ntotitetgtotrt3, Ntytotetgtiigts, Ntotitgtgtetit3, Ntstitetotgtito, Ntptetytgtotets, 
Ntotatatitotat:, Ntotitstototite, Ntitgtetotitgto, Ntgtotatitstot1, Ntitetotatitats, 
Ntototitgtatots, Ntotitatotatito, Ntatitotetstite, Ntotetstitotet, Ntotgtitetotste, 
Ntytotgtotiteto, Ntitgtototitgte, Ntetstytotetato, Ntototgtitetot:, Ntgtototitstet1, 
Ntgtotitotgtote, Ntitotstetitote, Ntotgtotitetat:, Ntgtetitotgteto} 


Now, we must take a representative of each orbit of N(128°13) and apply it 


to Ntogtitetstotits to determine if it will extend or collapse the Cayley graph: 


Niptitotgtotyts - tg = Niotytotgtot, (tg)? = Ntotytatstoty € [012301] 


52 


Since the orbit of 3 is of length 1, 
one t; will collapse the Cayley graph from [0123013] to [012301]. 


Nitotitotgtotits - to = Ntotitetatotitsto 
When checking if this double coset was new, 
we found [01230130] ~ [0123013] 

Since the orbit of 0 is of length 1, 

one t; maps from [0123013] to [0123013] 


Nitotitotgtotits -t1 = Niotitotatotitgty 
When checking if this double coset was new, 
we found [01230131] ~ [012081] 

Since the orbit of 1 is of length 1, 

one t; maps from [0123013] to [012031] 


Ntotitetgztotits «te = Nigtitotgtotitgste 
When checking if this double coset was new, 
we found [01230132] ~ [01230120] 

Since the orbit of 2 is of length 1, 

one ¢; maps from [0123013] to [01230120] 


Now, we look at the double coset Ntotitatgtotet1 N which we denoted [0123021]. 
To obtain the elements in [0123021]. we must, first find the point stabiliser of 0,1,2, and 
3, N123021_ The point stabiliser consists of permutations in N = S4 which fix 0,1, 2 and 
3. Tthe set stabiliser, N0123021) > 70128021 In this double coset, we have the relation 
(0, 1, 2,3, 0, 2,1] ~ {2,1,0,3,2,0,1]. Due to this relation, the set stabiliser, N‘0128021) 
increases: 

N (totitatgtotet:) ©”) = Ntotitotgtetot: =  Ntotitotgtotet: 

=. (02) rs (0123021) a 

So, (0123021) > ((92)) & Sy =>.N(0128021) — gy 
Thus, |N(0129021)| — 9! = 2. In order to find the orbits of N(€©19°2)) in {0, 1,2, 3}, 
we conjugate 0,1,2 and 3 by N(°128021) | The orbits of N(123021) are {1}, {3} and 
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{0,2}. The number of single cosets in the double coset [0123021] is obtained by divid- 
ing en = 4 = 12. To obtain the elements in this double coset, we must first 
find the transversals of N(¢12301) in N. The transversals of N(128021) in W are all the 


elements in 54. 


Now we can apply the transversals to Niotitatgtotet; by conjugation to.obtain 
the different single cosets in [0123021): 


N (totitatstotet,) = Ntotitotgtotetr 

N (totitotgtotet)\t = Nextotetstrteto 

N (totitetgtotety) = Ntotitotstetoty 

N (totitatatotet) © = Ntgtitototgtety 

N (totitatgtgtot,)?) = Ntototytatotite 

N (totitatgtotat)) = Ntotstotitotets 

N (totitetgtotet:) > = Ntotitgtatotatr 

N (totitotgtotet:) ©?) = Ntytatetotitats 

N (totitatgtptet:) OF) = Negtotetitgteto 

N (totatatgtotet;) >) = Neitototatitote 

N (totitatstotots O72) = Ntototitatetyty 
N (totitatgtototy) ©?) = Ntotitgtototsty 

N (totytotgtotet;)©*?) = Négtytotetstot 

N (totitetstotet,)b>) = Nigtatstitotste 

N (totitotgtotat1) 29”) = Nuotatitatotats 

N (totitatgtotot:)O>?) = Niytotstotitate 
N (totrtatgtotet) 3 = Neytatotetitots 
N (totitotgtotets) O79 = Ntotgtitotetits 
N (totitotgtotety) O72) = Ntototstitetsty 
N (totitatstotet;) ©?! = Ntgtototitstote 
N (totatatgtotot)O2 = Nigtotrtetstito 
N (totitatgtotat;) OVP) = Ney totstotitsto 
N (totitotgtgtot) 20) — Ntotstotytotyts 
N (totitotgtotet,) 242 = Ntgtatestotstite 
Therefore, [0123021] = 
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{Ntotitotgtotat, Ntitotetstiteto, Ntatitotstatots, Ntgtitetotatat,, Ntotetitstotyte, 
Ntotstotitotats, Ntotitatetotst:, Ntitatatotitets, Ntstotetitgtoto, Ntitototstitote, 
Ntototitstetito, Ntetitatotetat:, Ntatitotatatoti, Ntotatgtitotate, Ntotstitetotits, 
Ntitotatotitste, Ntytatotetitots, Ntetatitotetits, Ntototgtitetsto, Ntgtototitstote, 
Ntgtotitotgtyto, Ntitotatotitato, Ntotgtotitotots, Ntgtete: totgtite} 


Now, we must take a representative of each orbit of N(©123021) and apply it 


to Ntotitetgtotet: to determine if it will extend or collapse the Cayley graph: 


Nitotitetgtotety -t, = Ntotitotgtote (#1)? = Ntotitetgtote € [012302] 
Since the orbit of 1 is of length 1, 
one #; will collapse the Cayley graph from [0123021] to [012302]. 


Niptitatstotets - to = Nitotitetstotetito 
When checking if this double coset was new, 
we found [01230210] ~ [0123012] 

Since the orbit of 0 is of length 1, 

one ¢; maps from [0123021] to [0123012] 


Niotitotgtotet, - te = Niotytetgtototita 
When checking if this double coset was new, 
we found [01230212] ~ [0123012} 

Since the orbit of 2 is of length 1, 

one t; maps from [0123021] to [0123012] 


Niotitatstoteti -t3 = Ntotitatstotetits 

This is a new double coset which we will label as [01230213]. 
Since the orbit of 0 is of length 1, 

one 2; will extend the Cayley graph from [0123021] to [01230213]. 


Now, we look at the double coset NiotitatstitoteN which we denoted [0123102]. 
To obtain the elements in [0123102]. we must first find the point stabiliser of 0,1,2, and 


55 


3, N123102, The point stabiliser consists of permutations in N = Sq which fix 0,1, 2 and 
3. Hence |v aia = 1, and the set stabiliser, N(0123102) > Ay0123102, Ty this double 
coset, we have the relation [0,3,2,1,3,0,2] ~ [0,1,2,3,1,0,2]. Due to the relation, the 
set stabiliser, N(012102) increases: 

N (totrtotgtitote)"9) = Ntotgtotitgtote vetzzion Ntotatatstitote 

= (13) E N(0123102) 

So, IN (0123102) > ((13)) ~ So => (0123102) = 5 
Thus, |N(0128102)| — 2! = 2, In order to find the orbits of N‘®125102) in 0,1,2, 3}, 
we conjugate 0,1,2 and 3 by N(123102) | The orbits of N(129102) are {0}, {2} and 
{1,3}. The number of single cosets in the double coset [0123102] is obtained by di- 
viding THOS] = #4 = 12, To obtain the elements in this double coset, we must 
first find the transversals of N(0123102) in N. The transversals of N(0123102) in N are: 
Td(N), (1, 2, 3,0) , (2,3) , (2,0) , (1,3, 0), (1,2,0), 
(1,2) (3, 0) , (2,0, 3) , (1,0,2, 3) , (1,3, 0,2), (1,2), (1, 0,3). 


Now we can apply the transversals to Nigtitgt3titat2 by conjugation to obtain 
the different single cosets in [0123102]: 


N (totitetgtitote)@™) = Ntotatetstitote 
N (totrtetgtitote) 02" = Ntytotstotetits 
N (totytgtgtitote)) = Netotitstotitots 

N (totitotstitote)? = Ntotrtotstiteto 

N (totitatgtitote)* = Neytgtetotstyte 
N (totitotgty tote)? = Netytatotatotyto 
N (totytotgtitot) 2°" = Negtotitototst 
N (totitatgtitote)°2) = Ntgtitototitato 
N (totrtotgtitote) 2°?) = Ntototstitotets 
N (totxtotgty tote) 09%) = Ntgtgtytotgtet 
N (totitotgtitote)“??) = Ntototitstetot 

N (totitotgtitpte)'%) = Negtotatitotate 


Therefore [0123102] = 
{Ntotitetstitote, Nitytotgtotetits, Ntotitstetitot3, Ntotitotstitato, Ntitgtetotatite, 
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Ntytototgtetito, Nigtotitotetst:, Ntgtitotatitgto, Ntatotstitotets, Ntotgtitotgtet., 
Ntotetitstetots, Nitstotetitotgte} 


Now, we must take a representative of each orbit of N(0128102) and apply it to 


Nigtitatgtitpte to determine if it will extend or collapse the Cayley graph: 


Nigtitatgt tote - tg = Ntotitetst to (to) = Nigtytotstito € [012310] 
Since the orbit of 2 is of length 1, 
one ¢; will collapse the Cayley graph from [0123102] to [012310] . 


Ntotitotatitote «to = Ntptitetstytoteto 

When checking if this double coset was new, 

we found [01231020] ~ [0123120] 

Since the orbit of 0 is of length 1, 

one t; maps from [0123102] to the double coset [0123120] 


Niotitetgtytote + t1 = Ntotitetstitotet, 

When checking if this double coset was new, 

we found [01231021] ~ [01230120] 

Since the orbit of 1 is of length 2, 

two t;’s map from [0123102] to the new double coset [01230120] 


Now, we look at the double coset Ntptitgtstitatp N which we denoted [0123120]. 
To obtain the elements in [0123120], we must first find the point stabiliser of 0,1, 2, and 
3, N123120 | The point stabiliser consists of permutations in N = S4 which fix 0,1,2 and 
3. The set stabiliser, N(0124120) > 4y0123120_ Ty this double coset, we have the following 
relations {0,2,3,1,2,3,0] ~ (0,1,2,3,1,2,0] and [0,1,3,2,1,3,0] ~ [0,1,2,3,1,2,0] . 
Due to this relation, the set stabiliser, N(012329), increases: 

N (totytotgtitetp) 9?) = Ntototstrtetato velsion Ntotitetatitato 

—> (123) © (0123120) 

N (totytotgtitato) = Nigtitgtatitsta femete, Ntotitetstitoto 

=> (28) © N(0123120) 

So, N(0123120) > ((193) , (23)) & Sz >.N(0123120) — ¢, 
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Thus, |N(0123120)| = 3! = 6. In order to find the orbits of N(123120) in {0,1,2,3}, we 
conjugate 0,1,2 and 3 by N(123120) | The orbits of N(0!23120) are {0} and {1,2, 3}. 
The number of single cosets in the double coset [0123120] is obtained by dividing 


N = 24 
(0123120) “~~ 6 


find the transversals of N(0123120) in NV. The transversals of N(123120) in N, are: 
Id(N), (1, 2, 3,0) , (1,3) (2,0), (1, 0, 3, 2) 

Now we can apply the transversals to Nigtitetgtiteto by conjugation to obtain 
the distinct single cosets in [0123120]: 


= 4, To obtain the elements in this double coset, we must first 


N (totitetatitoto)"@™) = Ntotrtotgtiteto 

N (totrtatgtitgta) 2? = Netztetatotetst 
N (totrtatgtitoto) 1? = Netototatytstote 
N (totrtatgtitoto) b°>” = Negtotitetotits 


Therefore 


[0123102] = {Ntotrtetstiteto, Ntytotgtotetat;, Ntetotetitgtote, Ntgtotytetots ts} 


Now, we must take a representative of each orbit of N(125129) and apply it to 


Ntotitatgtiteto to determine if it will extend or collapse the Cayley graph: 


Ntotitotgtytato + tp = Ntptytetgti ts (tp) = Niptitotatit, € [012312] 
Since the orbit of 0 is of length 1, 
one #; will collapse the Cayley graph from [0123120] to [012312]. 


Ntotitatgtiteto -¢, = Ntotitetstitetoty 

But when checking if this double coset was new, 

we found [01231201] ~ [0123102] 

Since the orbit of 1 is of length 3, 

three t;’s map from [0123120] to the double coset [0123102] 


Now, we look at the double coset Ntgtitot3totitetpN which we denoted 
[01230120]. ‘To obtain the elements in [01230120]. we must first find the point stabiliser 
of 0,1, 2, and 3, N®!230120 The point stabiliser consists of permutations in N = $4 which 
fix 0,1,2 and 3. The set stabiliser, N(01280120) > Ay02230120. Thys, |N (01280120) | = 1. 
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In order to find the orbits of N(01230120) we conjugate 0,1,2 and 3 by N(01230120) _ 
The orbits of N(01230120) are {0} , {1} , {2} and {3}. The number of single cosets in the 
double coset [01230120] is obtained by dividing Teaco = 24 — 24. To obtain the 
elements in this double coset, we must first find the transversals of N‘02230120) in yy, 


The transversals of N 01230120) in N are all the elements in Sj. 


Now we can apply the transversals to Niotitotstot tata by conjugation to obtain 
the distinct single cosets in (01230120): 


N (totytotgtotiteto)/%™) = Ntotytotstot tat 

N (totitotatotitoto) = Ntytotetstrtotetr 

N (totitatstotiteto)°) = Netotrtotatetitote 

N (totitatgtotitoto)©" = Negtitototstrtets 

N (totitotstotitato)) = Ntototitstototito 

N (totitotgtotitato)) = Ntotstotrtotsteto 

N (totitatatotrteto)@*) = Ntotrtstototitsta 

N (totitatatotiteto) Oh) = Neytatetotitstatr 
N (totitatgtotitoto) ©) = Ntgtotatytatotets 

N (totitatatotitetg) >? = Neytototgtitetot 

N (totitotgtotitaty) OY = Ntototitstetotite 

N (totutatstotiteto)?) = Ntotritgtotatitate 

N (totitatgtotiteto) ©) = Negtitotetst tots 

N (totitatgtotiteto)"? = Nitototstrtototsto 

N (totitatstotitgto)>” = Ntotgtitototstito 

N (totitatstotitgtp)?>) = Nextotgtotitotst 
N (totitatgtotitato) 8) = Neytgtotatitstots 
N (totitotatotitotp) 2) = Ntotgtitotetstite 
N (totitatgtotitoto) O77) = Négtotatitototgte 
N (totitotatotitoto) ©”) = Negtototitstatyts 
N (totytotgtotitoto) O72) = Negtotytotstotits 
N (totitotatotytatp) OVO) — Netz totgtatitotsts 
N (totitatgtotitato) 24) = Ntotgtotrtetstote 
N (totztetgtotitatp)% = Negtotitotstetits 
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Therefore [01230120] = 

{Ntotitotstotitato, Ntitotatstitotet:, Ntotitotstatitote, Ntgtitototatitets, Ntptetitgtotetito, 
Ntotgtotitotateto, Ntotitatatotitato, Ntitgtototitgteti, Ntgtotatitgtotets, Ntitetotstrtetot1, 
Ntototitstetotite, Ntgtitatototitgte, Nigtitotetgtitots, Ntotatgtitotetsto, Ntotgtitetotstito, 
Nt totgtotytotgt:, Ntitgtptetytgtot,, Ntotgttotetgtite, Ntototgtitatotgte, Ntstetotitgtotots, 
Ntgtotitetstotits, Ntitotatetitotst:, Ntatgtotitetstote, Ntgtotitotatotits } 


Now, we must take a representative of each orbit of N (01230120) and apply it 


to Ntotitetgtotitetp to determine if it will extend or collapse the Cayley graph: 


Niotitetatotiteto «to = Ntotitetgtotite (to)” = Ntotitetgtotite € [0123012] 
Since the orbit of 0 is of length 1, 
one t; will collapse the Cayley graph from [01230120] to (0123012). 


Ntotitatgtotiteto - £1 = Ntotitatatotitetoty 
When checking if this double coset was new, 
we found [012301201] ~ [01230120] 

Since the orbit of 1 is of length 1, 

one ¢; maps from {01230120] to [01230120] 


Niotrtotatotiteto - to = Ntotitetstotitetote 
When checking if this double coset was new, 
we found [012301202] ~ [0123102] 

Since the orbit of 2 is of length 1, 

one ¢; maps from [01230120] to [0123102] 


Niotitotgtotiteto -tg = Ntotitatstotytotots 
When checking if this double coset was new, 
we found [012301203] ~ [0123013] 

Since the orbit of 3 is of length 1, 
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one ¢; maps from [01230120] to [0123013] . 


Now, we look at the double coset Ntotitatstotatitgz NN which we denoted [01230213]. 
To obtain the elements in [01230213]. we must first find the point stabiliser of 0,1, 2, 
and 3, N®!230213_ The point: stabiliser consists of permutations in N = $4 which fix 
0,1,2 and 3. The set stabiliser, N(01290218) > ,y01230213 Ty this double coset, we have 
the following relations [1, 2, 3,0, 1,3, 2,0] ~ [0,1,2,3,0,2,1,3] and [0,3,2,1,0,2,3,1] ~ 
(0, 1, 2, 3,0, 2, 1,3]. Due to this relation, the set stabiliser, N (01230213) | increases: 

N (totitatgtotetits)!29) = Ney totstotitstato “ohio, Ntotitatatotatits 

—> (0123) € N (01280213), 

N (totitetatotetits)"9 = Ntotgtatitotataty vet ion Wtotitatstotatits 

==> (13) € (01280213) 

So, N (01280213) > ((9123) , (13)) 
Thus, |(01280213)| — 4 (2) = 8. In order to find the orbits of N(01239213) in{Q, 1,2, 3}, 
we conjugate 0,1,2 and 3 by N(01280213) | The orbits of N(91230213) are {0,1,2, 3}. 
The number of single cosets in the double coset (01230213] is obtained by dividing 
[OE] = 34 = 3. To obtain the elements in this double coset, we must first 
find the transversals of N(©1230213) in NV. The transversals of N‘1230213) in W are; 
Id(N), (1,3) , (0,1, 2). 


Now we can apply the transversals to Nigtitetatptetits by conjugation to obtain 
the distinct single cosets in [01230213]: 


N (totitatstptatits)/) = Nitotitotstotetits 
N (totitotgtotetits)™) = Nigtstetitotetsti 
N (totatatgtotgtitg) ©?” = Ntytototstytoteta 


Therefore [01230213] = { Ntotitgtstotetts, Nitot3totytotetsty, Niztototgtitotets} 


Now, we must take a representative of each orbit of N(1230213) and apply it 


to Ntotitetstotgtitg to determine if it will extend or collapse the Cayley graph: 


Nigtitetstototits - tg = Ntotytotgtotet1 (t3)° = Ntotitotgtgteti € [0123021] 
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Since the orbit of 3 is of length 4, 
all four t;’s will collapse the Cayley graph from [01230213] to [0123021] . 


Since the set of right cosets obtained is closed under right coset multiplication,we 
know that the double coset enumeration is complete. Thus , we obtain the following 


Cayley Graph: 
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[01230120] 


[01230213] 


Figure 4.1: The Cayley Graph of As x As : 2 over Sy 
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Hence, the double coset enumeration shows that the index of N = S, in G is at most: 


N |N N || N |NV N |N N 

i a (0) oe N@]) tt W(l2) 25 [N@r28) ne jn (0120) ae [Nv (01230)| a (01231) at (01201) 1 
N N N| N | N N 

[v(01203) aD [N@12801)] T (012302) “hr [N (012316) a [.N(012313)] + [n(012073) ne [Nv (o22031)/ a 


N N N N N N N 
preinoryy + Grenson + prose + proms + pron + pproaon + Pots] 
=14+4+12+24+4 244124 24412444124 24412412444 44124 244 244 


12+1244+4 24+3 = 300 
Recall that the order of N is |N| = 4! = 24 . Thus |G] < 300 x |N| = 300 x 24 = 7200. 
Therefore, |G] < 7200. Now we must show that |G] > 7200: 


4.2 The Homomorphic Image of G 


We begin by labeling our double cosets as as shown in Table 4.1: 


Table 4.1: Labeling of the Double Cosets 


abeling [Double Coset | Labeling | Double Coset | 
a A 
8d 
ee 
a 
ee 
fs | na oer _ | 
(7 pad a | 
fe a Ce 
Se a CY 
es 
ran als 
ee CK 
Ppa ial 
ET 
i ee 
= 


[3 2] (2,3,1,4] 


[2,1,4] 
, 


[4,3,2,1] 

ec eC 
es CY 
[pq | 


XC 
ee 


Bad) | 6) aa) 
“pada 


2a | _s9 | Baral _| 
ee 
7 [heal |_| _beaal 
2s aaa ena 
29 [aay [al 
ee 2 
ee CC 
[aay ose _| 
-~s | eas) | er | bas | 
pa | aay es [2s | 


Continued on next page 


13 
14 
15 
16 
17 
18 
19 
20 
21 
23 
24 
25 
26 


[nay 8 aaa | 
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Table 4.1 - Continued from previous page 


[Labeling [ Double Coset | Labeling | Double Cosct | 
Po | aoe [1m | aaa | 
P~7 [aaa] | 105 [anal | 
a 
eC 
ee x 
[| pany 10 [passa _| 
[aay | 0 aazaal | 
6 [aaa meal | 
[saz me | baal _| 
pe bata] a _|_ baal 


ef paesay us [hana 
so aazan) | s | ea na | 
pa aa) es | stl 
| pseas] ur _| Badaal_| 
Ps bats | ue | taza | 
pa | patsq | ue | baazal 
3 azn 0 fede 
ee 
a CE 


[ss waa | 3 | aaa) _| 
Pe asa) i | asa) _| 
es 
fn 
pe pasado [eal 
eC 
[ai an42) | | anal _| 
pes [4324 380] eats] 
96 | fh234a) | ta | aaa | 
or ana) ae | Beata) | 
ps6 paanay [ss | aena2a 


Pico Banasy [85 | Raat 
in [faaaan) [136 [aa 
eC 
Pie faasia) [e  easaal _| 


Continued on neat page 


ee A 
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Table 4.1 — Continued from previous page 


Taboling [ Double Coset [ Labeling | Double Cosct 
| azsaa] | mm | parasol | 
a [paeaaa [| fanaa | 
a | paasaay [ie | zaaal_ 
Pe | 4s2n43) | im | asta 
8 | Bate ve | anna.) 
a pga] [a eaaaaal_ 
16 ns24a) [180 | aaa] | 
pas | fiaasad [ia | Psaaza_| 
a p42.08q) [foal 
pie [fa2.i4a) [tas | sara | 
P19 [e4n32q | te | peaata) | 
Pis0_[azaea) | ies | 62432) | 
Pasi paaiga) [190 | aan ad) | 
pase asaea [er Baal 
ea CSC MC 
Pasa 2342a) [10 | Baa 20) | 
as eaia2g [00 | Banal 
ass azaaa) [| asaanal_| 
eae AC 
pase paa2aa) | 109 | Panenaa)_| 
ps0 | faazaaa) | ia | anneal | 
Pie | zaiaal | 105 | fo2as.al 
na haeaa) io | aaa | 
ne [pasa | tor | Pagan 
P1658 | 3a32q) | 98 | Baa2aaa) | 
Pee [p42.048) [199 | Baaasal 
pies [tnasaaay 200 | aaa) | 
166 [p2n42a [2 | inana.2.) | 
[ier [ang2aj [202 | a4a2acaly | 
pies fs2ieaa) m3 | Pasar! | 
10 [61230 | am | marae 
a0 [pasaaa) | 205 | aiaa2) | 
in| sazaa | 205 1623.4 | 
ima] paaaaa | 207 f2aaazay | 
pa [Baeza [20 | fanaa, | 


Continued on next page 
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Table 4.1 — Continued from previous page 


Labeling | Doutile Coset | Labeling | Double Goset | 
Pe | tated | 2a | manana | 
pa | paeata) [as | Batata | 
an | pazis2a | 2s | fe.623.61) | 
aa | peasy | ar esaazaal | 
pas | Pawo |e | h2aaiad_| 
Paia| Bazaaa | 20 | hadanal | 
pas | ieaaaaal | 290 | a2ataat | 
Pas | aesai2a | 2m | earaaa | 
pair | paaas2a) | 2 | meats | 
Pie | banasaa) | 269 | Baas) | 
pa tasanaa) | 98 | aaaana) | 
Pa | pataeaa) | 255 | a2) | 
Pan [paisa] | 250 [ pasaaal | 
ya pa4a8i) [27 | aos 
P25 teaaed) | a8 | aean.s2) | 
pam | fia2aaaa) | 20 | Tansee | 
P25 | as2aaa] | 200 | arse | 
ae s42ia2) | 20 | eases) | 
(ar | baasa2a | 2 | Maazel | 
[ae | a2n32aa] | 263 | Bata.) | 
[m9 | paaad2a) | 26 | fanaa J 
[a0 [ psn4a2a) | 265 | t2sd2aa) | 
Pasi | iota) | 200 | a2asa.2) | 
(oe | paaeaa) | 267 | 42482) | 
ps | asaaia) | 208 | 2a82.48) 
Pam aaa2day | 260 | (2d..2.40 | 
ps | aia) | 270 | Marea | 
[ase | aans2a) | 2m | wast | 
[ae | aa2ieaa) | 2 | sas. a2al | 
pe | paaa2i) | 27 | araaaa | 
[a | aeasa2a) | 2a | Bards.) | 

20 | ast24a) | 27s | haaaa pany 
aa [areal | 26 | Breen. 
38 [paiazaal | 277 | a2iaazad 

2 | aeai42} |) 28 | Baza. 


Continued on next page 
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Table 4.1 — Continued from previous page 


Double Goset [[ Labeling | Double Covet 
Pa | waaraaad | 20 | Baan aan) | 
en KORE CE 
Pn [i295 | 22 | 423.143) 

P20 fanazana) | 20s | Paen2i.42) | 
288 [e2iaa2ca) | 20 | Ba420.42) 
Pe | eazasia | 206 [nana | 
205 [a2 3.18234) | 2007 | 3.8.2.3) | 
200 [8240820] [207 | aan 
287 .i248.4) [908 | 1482.48 | 
pase [Tan28anaa) | 200 | aaa2432) 
Pae0[ranaiaaa) [300 | areas 


Define &: G > Sso0 by & (tg) = tto, where & gives the action on the 300 
double cosets. Recall that this action is by conjugation and multiplication. We must 
show that it is a homomorphism. The actions of z, y, and ty on the 300 single cosets 


are as follows: 


&(to) = tto 
= (1, 2)(3, 6)(4, 7)(5, 8)(9, 16)(12, 19)(13, 20)(14, 21)(15, 22)(18, 25) (23, 36) 

(27, 41)(28, 42) (31, 45) (32, 46) (33, 47) (34, 48)(35, 49) (38, 52)(39, 53) 

(40, 54) (44, 58) (50, 69)(56, 76)(57, 77)(59, 79) (60, 80)(62, 82) (63, 83) 

(64, 84)(65, 85)(67, 87) (68, 88)(71, 91)(72, 92)(73, 93)(74, 94)(75, 95) 

(78, 100)(81, 104) (89, 115) (90, 99)(96, 101)(97, 124)(98, 126) (102, 130) 
(103, 131)(105, 133)(106, 118) (107, 112)(108, 134) (109, 135) (110, 136) 
(111, 137)(113, 139)(114, 140)(116, 127) (117, 143)(119, 145)(120, 146) 
(121, 147) (122, 148)(123, 149) (125, 138)(128, 154)(129, 155)(132, 160) 
(141, 174) (142, 164)(144, 177)(150, 161) (151, 186) (152, 189)(153, 159) 
(156, 158)(157, 193)(162, 198) (163, 200)(165, 180)(166, 171)(167, 201) 
(169, 202) (170, 203) (172, 205) (173, 206)(175, 196){176, 209) (178, 211) 
(181, 213)(182, 214)(183, 215) (184, 216)(185, 217)(187, 220) (188, 221) 
(190, 194)(191, 224)(192, 225)(197, 227)(199, 204) (207, 219) (208, 233) 


& 


ra 


a4 


(210, 223) (212, 248) (218, 246)(222, 261) (226, 263) (228, 244) (229, 268) 
(230, 269) (231, 245) (232, 272) (234, 251) (235, 240) (236, 275) (238, 276) 
(239, 277) (241, 279) (242, 258) (243, 273) (247, 281) (249, 283) (252, 285) 
(253, 286) (255, 287) (256, 284) (257, 288) (264, 291) (265, 292) (266, 293) 
(267, 294) (270, 280) (271, 278) (274, 296) (282, 295) 


(2) = 2a 
= (2,3,5,4)(6, 9, 15, 10)(7, 11, 18, 12)(8, 13, 17, 14) (16, 23, 34, 24) 

(19, 26, 39, 27)(20, 28, 40, 29)(21, 30, 44, 31)(22, 32, 37, 33)(25, 35, 43, 38) 
(36, 50, 67, 51)(41, 55, 74, 56)(42, 57, 71, 52)(45, 46, 60, 59)(47, 61, 81, 62) 
(76, 96, 122, 97)(48, 63, 53, 64)(49, 65, 75, 66)(54, 72, 70, 73) (58, 68, 86, 78) 
(69, 89, 113, 90)({77, 98, 125, 99}(79, 101, 127, 102)(80, 103, 91, 83) 
(82, 92, 117, 105)(84, 106, 129, 107)(85, 108, 128, 100) (87, 109, 94, 110) 
(88, 111, 123, 112)(93, 118, 144, 119)(95, 120, 116, 121)(104, 114, 138, 132) 
(115, 141, 172, 142)(124, 150, 184, 151) (126, 152, 187, 153)(130, 156, 192, 157) 
(131, 158, 194, 159)(133, 161, 196, 162)(134, 163, 199, 164)(135, 143, 176, 154) 
(136, 165, 197, 166)(137, 167, 195, 160)(139, 168, 148, 169)(140, 170, 185, 171) 
(145, 146, 179, 178)(147, 180, 212, 181)(149, 182, 175, 183)(155, 188, 190, 191) 
(173, 204, 210, 177)(174, 207, 241, 208) (186, 218, 257, 219)(189, 222, 260, 223) 
(193, 214, 250, 226)(198, 228, 266, 229) (200, 230, 267, 231) (201, 232, 271, 233) 
(202, 234, 274, 235) (203, 236, 262, 224)(205, 237, 225, 238)(206, 239, 258, 240) 
(209, 244, 280, 245)(211, 246, 273, 247) (213, 221, 259, 249) (215, 251, 284, 252) 
(216, 253, 220, 254) (217, 255, 243, 256) (227, 264, 270, 265)(242, 278, 282, 248) 
(261, 268, 287, 289)(263, 290, 295, 269)(272, 281)(275, 294, 300, 288) 
(276, 285, 291, 297)(277, 286, 299, 292) (279, 298, 293, 283) 


(y) = yy 
= (4,5)(7,8)(9, 13)(10, 17)(12, 15)(14, 18)(16, 20)(19, 22)(21, 25) 
(23, 35)(24, 37) (26, 30)(27, 40)(28, 32)(29, 43)(31, 34)(33, 44)(36, 49) 
(38, 39)(41, 54)(42, 46)(45, 48)(47, 58)(50, 68)(51, 70)(52, 53) (55, 61) 
(56, 75)(57, 64) (60, 63)(62, 67)(65, 72)(66, 86)(69, 88) (73, 81) (74, 78) 
(76, 95)(77, 84)(80, 83) (82, 87)(85, 92)(89, 114) (90, 116) (93, 104) 


69 


(94, 100)(96, 118)(97, 123)(99, 127)(101, 106) (102, 129) (107, 125) 

(108, 110)(109, 117)(111, 120)(112, 138)(113, 119)(115, 140)(121, 144) 
(122, 132)(124, 149)(130, 155)(134, 136) (135, 143) (137, 146)(139, 145) 
(141, 173) (142, 175)(147, 177) (148, 160) (150, 180) (151, 185)(152, 188) 
(153, 190)(157, 187)(159, 194) (161, 165)(162, 197)(164, 196)(166, 199) 
(167, 169) (168, 179) (170, 182) (171, 204)(172, 181)(174, 206) (183, 212) 
(184, 210)(186, 217)(189, 221)(191, 192) (193, 220) (198, 227) (201, 202) 
(203, 214) (205, 213)(207, 242)(208, 243) (215, 248)(216, 223) (218, 251) 
(219, 258) (222, 238)(224, 225) (226, 249)(229, 267)(230, 264)(231, 270) 
(233, 273) (234, 246) (235, 271) (236, 253) (237, 250) (239, 255)(240, 278) 
(241, 252)(245, 280) (247, 274) (254, 259) (256, 284) (257, 282)(260, 262) 
(261, 276)(263, 283) (265, 266) (268, 294) (269, 291) (275, 286) (277, 287) 
(279, 285) (281, 296) (288, 295)(289, 298) (290, 299) (292, 293) (297, 300) 


In order to verify the & is a homomorphism, we require the following: 


(1) If &(N) = (a2, yy), then & (tp) has exactly four conjugates under 
conjugation by &(N): 


We begin by computing & (x): 
(to)” = t 

(to)” = te 

(to)™” = tz 

(to) = to 

=> & (#3) = & (to) 

We must now calculate tz, tte, tts: 


tt; = (ttg)*” 
= (1, 3)(2, 11)(4, 13)(5, 9)(7, 26)(8, 30)(10, 32)(12, 35)(15, 23)(17, 28) 
(1955)(21, 46)(22, 61)(24, 63)(25, 42)(27, 64)(29, 72)(31, 68) (34, 50) 
(37, 60)(40, 57)(41, 96) (43, 65) (45, 101)(47, 92)(48, 106) (51, 109) 
(52, 83)(53, 80) (54, 118)(56, 110) (58, 85)(59, 103) (62, 114) (66, 120) 
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(67, 89) (69, 77)(70, 117)(71, 98)(75, 108)(76, 150) (79, 156) (82, 161) 

(84, 88)(86, 111)(87, 165)(90, 168)(91, 158)(93, 146) (94, 143) (95, 180) 
(97, 169) (99, 132) (100, 135) (102, 121)(104, 137)(105, 176)(107, 188) 

(112, 182)(113, 141) (115, 134) (116, 179) (119, 173) (122, 127) (123, 167) 
(124, 218)(125, 152)(126, 131) (128, 163) (129, 144)(130, 214) (133, 228) 
(136, 140)(138, 170) (139, 234) (142, 237) (145, 246)(147, 221) (149, 251) 
(151, 253) (153, 254) (154, 244) (155, 203) (157, 238) (159, 191)(162, 183) 
(164, 210)(166, 264) (171, 255) (172, 207) (174, 201) (175, 250) (177, 189) 
(181, 242)(184, 196) (185, 236) (186, 241) (187, 222)(190, 259) (192, 194) 
(193, 290)(195, 232)(197, 212)(198, 287) (199, 230) (200, 209) (202, 206) 
(204, 239)(205, 285) (208, 298) (211, 272) (213, 279) (215, 291) (217, 252) 
(219, 275) (220, 299) (227, 277) (229, 283) (231, 300) (233, 282) (235, 296) 
(240, 278) (243, 289) (245, 265) (247, 256) (248, 269) (257, 273) (258, 286) 
(260, 268) (262, 294) (263, 267)(266, 280) (270, 297) (271, 281) (274, 284) 


tty = (tt,)** 
= (1,5)(2, 17)(3, 18)(4, 15)(6, 37)(7, 43)(10, 34) (11, 39)(13, 44) (14, 40) 

(16, 53)(19, 48)(20, 70)(21, 86)(24, 67)(26, 74)(29, 71)(30, 60)(32, 81) 
(33, 59)(35, 57)(36, 94)(38, 75) (41, 87)(42, 80)(45, 91)(46, 127)(47, 138) 
(49, 116)(51, 113) (52, 125) (55, 122)(61, 117)(63, 129)(64, 103) (66, 128) 
(68, 108) (69, 148)(72, 144)(73, 105)(76, 139)(77, 104) (78, 123) (79, 95) 
(82, 154)(83, 194)(84, 190)(85, 143) (88, 175)(89, 98)(90, 172)(92, 196) 
(93, 204)(96, 184) (97, 102) (99, 187)(100, 199) (101, 192)(106, 111) 
(107, 119)(109, 197) (110, 176)(112, 195) (114, 167) (115, 225)(118, 179) 
(120, 212)(121, 178) (124, 220) (126, 216) (130, 205) (131, 155) (132, 185) 
(133, 149)(134, 177)(135, 280) (136, 270) (140, 243) (141, 163)(142, 241) 
(146, 273) (147, 278) (150, 257)(151, 162) (152, 158)(153, 260)(156, 250) 
(157, 159)(160, 271) (161, 266)(164, 267) (165, 170) (166, 181)(168, 274) 
(171, 262)(173, 222)(174, 293) (180, 259) (182, 284) (183, 226) (186, 294) 
(188, 236)(191, 249) (198, 279)(200, 288) (201, 248)(202, 296) (206, 282) 
(207, 232) (208, 218) (209, 227)(210, 258) (211, 217) (214, 295) (215, 255) 
(219, 247)(221, 298) (223, 287)(224, 300) (228, 289) (229, 245) (230, 244) 


(231, 290) (233, 272) (234, 239)(235, 252) (237, 291) (240, 209) (242, 263) 
(246,.281){251, 297) (254, 292) (256, 261) (264, 286) (265, 276) 


tz = (tt2)™* 

= (1,4)(2, 10)(3, 14)(5, 12)(6, 24)(8, 29)(9, 33)(11, 38)(16, 51)(17, 31) 
(18, 27)(20, 52) (22, 45)(23, 64)(25, 66) (26, 63)(28, 73) (30, 78)(36, 90) 
(37, 62)(39, 56)(42, 99) (43, 71)(44, 59) (46, 83) (48, 91)(49, 100)(50, 110) 
(58, 107) (54, 82)(55, 109)(57, 103) (58, 112)(60, 102)(61, 132) (65, 121) 
(69, 142)(70, 119) (74, 97)(76, 79)(77, 153)(80, 159) (81, 105)(84, 93) 
(85, 164) (86, 128) (87, 154)(88, 160)(89, 169)(92, 135)(94, 166)(95, 145) 
(96, 168)(98, 114)(101, 120)(104, 171)(106, 191)(108, 176) (111, 183) 
(113, 125)(115, 208) (116, 181)(117, 162) (118, 210) (122, 151)(123, 129) 
(124, 133)(126, 223) (127, 157) (130, 131) (134, 231) (136, 147) (137, 233) 
(138, 195)(140, 224) (141, 238) (143, 245)(144, 178)(148, 235) (149, 193) 
(150, 254)(152, 253) (155, 213) (156, 237)(158, 188) (161, 182) (163, 173) 
(165, 265)(170, 256) (172, 199) (174, 257) (175, 252)(177, 240)(179, 247) 
(180, 282) (184, 219) (185, 197)(186, 211) (187, 194) (189, 289) (190, 262) 
(192, 226)(196, 229) (198, 209) (200, 295)(201, 281}(202, 215) (203, 288) 
(204, 260) (206, 292) (207, 283) (212, 249) (216, 277)(217, 268) (218, 300) 
(225, 297) (227, 285) (228, 298)(230, 275) (232, 242)(234, 296) (239, 248) 
(241, 271)(243, 251) (244, 264) (246, 255) (250, 269) (258, 274)(259, 293) 
(261, 266) (267, 280) (270, 299) (272, 273) (276, 284) (278, 290) 


tty = (ttz)** 
= (1,2)(3,6)(4, 7)(5, 8)(9, 16) (12, 19)(13, 20)(14, 21)(15, 22)(18, 25)(23, 36) 
(27, 41)(28, 42)(31, 45)(32, 46)(33, 47)(34, 48)(35, 49) (38, 52)(39, 53) 
(40, 54)(44, 58)(50, 69)(56, 76)(57, 77)(59, 79) (60, 80)(62, 82) (63, 83) 
(64, 84)(65, 85)(67, 87)(68, 88)(71, 91) (72, 92)(73, 93) (74, 94) (75, 95) 
(78, 100) (81, 104)(89, 115)(90, 99)(96, 101)(97, 124) (98, 126) (102, 130) 
(103, 131)(105, 133)(106, 118)(107, 112) (108, 134) (109, 135)(110, 136) 
(111, 137)(113, 139) (114, 140) (116, 127) (117, 143) (119, 145)(120, 146) 
(121, 147)(122, 148) (123, 149) (125, 138) (128, 154) (129, 155) (132, 160) 
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(141, 174) (142, 164) (144, 177)(150, 161) (151, 186)(152, 189) (153, 159) 
(156, 158)(157, 193)(162, 198) (163, 200) (165, 180) (166, 171) (167, 201) 
(169, 202) (170, 203) (172, 205)(173, 206) (175, 196) (176, 209) (178, 211) 
(181, 213) (182, 214) (183, 215)(184, 216) (185, 217) (187, 220) (188, 221) 
(190, 194)(191, 224) (192, 225)(197, 227) (199, 204) (207, 219) (208, 233) 
(210, 223) (212, 248) (218, 246) (222, 261) (226, 263) (228, 244) (229, 268) 


(230, 269) (231, 245) (232, 272) (234, 251) (235, 240) (236, 275) (238, 276) 


) 
(239, 277) (241, 279) (242, 258) (243, 273) (247, 281) (249, 283) (252, 285) 
(253, 286) (255, 287) (256, 284) (257, 288) (264, 291)(265, 292) (266, 293) 
(267, 294) (270, 280) (271, 278) (274, 296) (282, 295) 


Thus, ttp has exactly four conjugates under conjugation by (xz, yy). 


(2) (22, yy) acts as S4 on tt, tty, tte, tts by conjugation, 
(That is rx = (tto, tty, tte, tt3) and yy = (tte, tts): 
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We verified above that xz = (tto, tt1, tte, tts) by the conjugation of tt; with xz. Now, 


we must verify that yy = (tte, tt3) by conjugation: 


First notice: 


(t2)¥ = tg 


(t2)" =t2 
=> &(tY) = &(ta) 2) 


Now we must calculate tt3 and (tt3)¥: 


(tt3) = (tt, )¥4 
= tts = (1, 4)(2, 10)(3, 14)(5, 12) (6, 24)(8, 29)(9, 33) (11, 38)(16, 51)(17, 31) 


(18, 27)(20, 52) (22, 45)(23, 64) (25, 66)(26, 63) (28, 73)(30, 78) (36, 90) 
(37, 62)(39, 56) (42, 99)(43, 71)(44, 59)(46, 83) (48, 91)(49, 100)(50, 110) 
(53, 107)(54, 82)(55, 109) (57, 103) (58, 112)(60, 102) (61, 132)(65, 121) 
(69, 142) (70, 119) (74, 97)(76, 79) (77, 153)(80, 159) (81, 105)(84, 93) 
(85, 164) (86, 128) (87, 154)(88, 160)(89, 169)(92, 135)(94, 166) (95, 145) 
(96, 168)(98, 114) (101, 120)(104, 171) (106, 191)(108, 176)(111, 183) 
(113, 125)(115, 208)(116, 181)(117, 162) (118, 210)(122, 151)(123, 129 
(124, 133) (126, 223) (127, 157) (130, 131) (134, 231) (136, 147) (187, 233 
(138, 195) (140, 224) (141, 238)(143, 245) (144, 178)(148, 235)(149, 193 
(150, 254) (152, 253) (155, 213)(156, 237) (158, 188)(161, 182)(163, 173 
(165, 265) (170, 256) (172, 199) (174, 257) (175, 252) (177, 240) (179, 247 
(180, 282) (184, 219) (185, 197)(186, 211) (187, 194) (189, 289) (190, 262 
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(192, 226) (196, 229) (198, 209) (200, 295) (201, 281)(202, 215) (203, 288) 
(204, 260) (206, 292) (207, 283) (212, 249)(216, 277) (217, 268) (218, 300) 
(225, 297)(227, 285) (228, 298)(230, 275) (232, 242) (234, 296) (239, 248) 
(241, 271) (243, 251) (244, 264) (246, 255) (250, 269) (258, 274) (259, 293) 
(261, 266) (267, 280) (270, 299) (272, 273) (276, 284) (278, 290) 


(tts)¥Y = (1,5)(2, 17)(3, 18)(4, 15)(6, 37) (7, 43) (10, 34)(11, 39) (13, 44)(14, 40) 
(16, 53) (19, 48)(20, 70)(21, 86)(24, 67) (26, 74) (29, 71)(30, 60)(32, 81) 
(33, 59)(35, 57)(36, 94)(38, 75)(41, 87)(42, 80) (45, 91) (46, 127) (47, 138) 
(49, 116)(51, 113) (52, 125) (55, 122)(61, 117)(63, 129)(64, 103) (66, 128) 
(68, 108) (69, 148) (72, 144)(73, 105)(76, 139)(77, 104)(78, 123) (79, 95) 
(82, 154) (83, 194)(84, 190)(85, 143)(88, 175)(89, 98)(90, 172)(92, 196) 
(93, 204) (96, 184)(97, 102) (99, 187)(100, 199)(101, 192) (106, 111) 
(107, 119)(109, 197)(110, 176)(112, 195)(114, 167) (115, 225) (118, 179) 
(120, 212)(121, 178) (124, 220) (126, 216) (130, 205) (131, 155) (132, 185) 
(133, 149)(134, 177)(135, 280) (136, 270) (140, 243) (141, 163)(142, 241) 
(146, 273) (147, 278) (150, 257)(151, 162) (152, 158)(153, 260) (156, 250) 
(157, 159)(160, 271) (161, 266)(164, 267) (165, 170)(166, 181)(168, 274) 
(171, 262) (173, 222) (174, 293)(180, 259) (182, 284)(183, 226)(186, 294) 
(188, 236) (191, 249) (198, 279) (200, 288) (201, 248) (202, 296) (206, 282) 
(207, 232)(208, 218) (209, 227) (210, 258) (211, 217) (214, 295) (215, 255) 
(219, 247) (221, 298) (223, 287) (224, 300) (228, 289) (229, 245) (230, 244) 
(231, 290) (233, 272) (234, 239) (235, 252)(237, 291) (240, 299)(242, 263) 
(246, 281)(251, 297) (254, 292) (256, 261)(264, 286) (265, 276) 

= (itz) = tte 


Therefore yy = (tte, tts). 


Thus, we have shown that &(2*4 : S4) = &(N, to) =< wx, yy, tto > and 
< 22x, yy, tto > is a homomorphic image of 2*4 : S4. However, we want the homomorphic 
image of G = OETA LACOOE Notice that < 2a, yy, ftp > is a homomorphic image of 
G if the additional relations {(0123)t]*® = 1 and {(01) to]° = 1 hold in < 2a, yy, tt >. 
So, we must verify the following relations: (i) &((01)totito) = &(tpt1) and 
(ii) &((0321)tgtytotgtotitots) = &(totrtotstotite). 


(i) &((01)totito) = A(tot1): 


On the left hand side of the equation, &((01)totito) = &(01)ttott1 éto 
Note: We used magma to compute &(01): 
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&(01) = 

(2,.3)(6, 11)(7, 13)(8, 9)(10, 14) (16, 30) (17, 18)(19, 35) (20, 26) (21, 32)(22, 23)(24, 38) (25, 28) 
(27, 31)(29, 33)(34, 40)(36, 61)(37, 39)(41, 68)(43, 44)(45, 64) (47, 72) (48, 57)(49, 55) (50, 54) 
(51, 78)(52, 63) (53, 60)(56, 62)(58, 65)(59, 71)(66, 73) (67, 75) (69, 118) (70, 74) (76, 114) 

(70, 74)(76, 114) (77, 106)(79, 98) (81, 86) (82, 110)(84, 101) (87, 108) (88, 96)(89, 95) (90, 132) 
(91, 103) (93, 120)(94, 117) (97, 119)(100, 109) (102, 107)(104, 111)(105, 128)(112, 21) 

(113, 123)(115, 180)(116, 122) (124, 173) (125, 129) (126, 156) (180, 188) (131, 158)(133, 163) 
(134, 165) (136, 161)(138, 144)(139, 167)(140, 150)(141, 149) (142, 210) (145, 169) (147, 182) 
(148, 179)(151, 181)(152, 155) (153, 191)(154, 176)(160, 168) (162, 166) (170, 177)(171, 183) 
(172, 185)(174, 251)(175, 184) (178, 195)(186, 242)(189, 203) (190, 192) (193, 238) (197, 199) 
(198, 264}(200, 228) (201, 234) (202, 246)(204, 212)(205, 236) (206, 218) (207, 217)(208, 282) 
(209, 244)(211, 232) (213, 253) (214, 221)(215, 255)(216, 250)(219, 252) (220, 222) (223, 237) 
(224, 254) (225, 259) (226, 262) (227, 230) (231, 265) (235, 247)(239, 248) (240, 256) (241, 258) 
(243, 257)(249, 260) (261, 299) (263, 294) (266, 270) (268, 283) (269, 277) (271, 274)(275, 285) 
(276, 290) (278, 284)(279, 286) (281, 296) (287, 291) (288, 289) (292, 300) (293, 297)(295, 298) 
(1, 2}(3, 6)(4, 7)(5, 8)(9, 16) (12, 19) (13, 20)(14, 21)(15, 22)(18, 25) (23, 36) (27, 41)(28, 42) 
(31, 45)(32, 46) (33, 47)(34, 48)(35, 49) (38, 52)(39, 53) (40, 54) (44, 58)(50, 69) (56, 76) (57, 77) 
(59, 79) (60, 80)(62, 82)(63, 83) (64, 84) (65, 85)(67, 87) (68, 88)(71, 91)(72, 92) (73, 93)(74, 94) 
(75, 95)(78, 100) (81, 104) (89, 115) (90, 99) (96, 101)(97, 124) (98, 126) (102, 130)(103, 131) 
(105, 133) (106, 118)(107, 112)(108, 134)(109, 135)(110, 136)(111, 187)(113, 139)(114, 140) 
(116, 127)(117, 143)(119, 145)(120, 146) (121, 147) (122, 148)(123, 149) (125, 138) (128, 154) 
(129, 155)(132, 160)(141, 174)(142, 164)(144, 177)(150, 161)(151, 186) (152, 189)(153, 159) 
(156, 158) (157, 193)(162, 198) (163, 200) (165, 180)(166, 171) (167, 201)(169, 202) (170, 203) 
(172, 205)(173, 206) (175, 196)(176, 209)(178, 211)(181, 213)(182, 214) (183, 215)(184, 216) 
(185, 217) (187, 220) (188, 221)(190, 194)(191, 224) (192, 225)(197, 227) (199, 204)(207, 219) 
(208, 233) (210, 223) (212, 248) (218, 246) (222, 261) (226, 263) (228, 244) (229, 268) (230, 269) 
(231, 245) (232, 272) (234, 251) (235, 240)(236, 275)(238, 276) (239, 277) (241, 279) (242, 258) 
(243, 273) (247, 281)(249, 283) (252, 285)(253, 286) (255, 287) (256, 284) (257, 288) (264, 291) 
(265, 292) (266, 293) (267, 294)(270, 280)(271, 278) (274, 296) (282, 295) (1, 3)(2, 11)(4, 13) 

(5, 9)(7, 26)(8, 30)(10, 32)(12, 35)(15, 23)(17, 28)(1955)(21, 46)(22, 61) (24, 63)(25, 42) 

(27, 64)(29, 72)(31, 68) (34, 50)(37, 60) (40, 57)(41, 96) (43, 65) (45, 101)(47, 92) (48, 106) 

(51, 109) (52, 83)(53, 80) (54, 118)(56, 110)(58, 85)(59, 103) (62, 114)(66, 120) (67, 89)(69; 77) — 
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(70, 117) (71, 98) (75, 108) (76, 150)(79, 156) (82, 161)(84, 88)(86, 111)(87, 165) (90, 168) 

(91, 158) (93, 146) (94, 143)(95, 180)(97, 169)(99, 132)(100, 135)(102, 121) (104, 137) 

(105, 176)(107, 188) (112, 182)(113, 141)(115, 184) (116, 179)(119, 173) (122, 127)(123, 167) 
(124, 218) (125, 152}(126, 131)(128, 163}(129, 144)(130, 214){133, 228)(136, 140)(138, 170) 
(139, 234) (142, 237) (145, 246)(147, 221) (149, 251) (151, 253) (153, 254)(154, 244) (155, 203) 
(157, 238) (159, 191) (162, 183)(164, 210) (166, 264) (171, 255) (172, 207) (174, 201) (175, 250) 
(177, 189) (181, 242) (184, 196) (185, 236) (186, 241)(187, 222) (190, 259) (192, 194)(193, 290) 
(195, 232) (197, 212)(198, 287) (199, 230) (200, 209) (202, 206) (204, 239) (205, 285) (208, 298) 
(211, 272)(213, 279) (215, 291) (217, 252) (219, 275) (220, 299) (227, 277)(229, 283) (231, 300) 
(233, 282)(235, 296) (240, 278) (243, 289)(245, 265) (247, 256)(248, 269) (257, 273)(258, 286) 
(260, 268) (262, 294) (263, 267) (266, 280)(270, 297) (271, 281) (274, 284) (1, 2)(3, 6)(4, 7)(5, 8) 
(9, 16)(12, 19) (13, 20)(14, 21)(15, 22)(18, 25)(23, 36)(27, 41)(28, 42)(31, 45)(32, 46)(33, 47) 
(34, 48)(35, 49)(38, 52}(39, 53)(40, 54) (44, 58)(50, 69)(56, 76)(57, 77) (59, 79) (60, 80) (62, 82) 
(63, 83)(64, 84) (65, 85)(67, 87)(68, 88)(71, 91)(72, 92)(73, 93)(74, 94)(75, 95)(78, 100)(81, 104) 
(89, 115)(90, 99)(96, 101)(97, 124}(98, 126) (102, 130)(103, 131}(105, 133) (106, 118) (107, 112) 
(108, 134) (109, 135)(110, 136){111, 137)(113, 139)(114, 140) (116, 127)(117, 143)(119, 145) 
(120, 146) (121, 147)(122, 148) (123, 149)(125, 138)(128, 154)(129, 155)(132, 160)(141, 174) 
(142, 164) (144, 177)(150, 161)(151, 186)(152, 189)(153, 159)(156, 158)(157, 193)(162, 198) 
(163, 200) (165, 180)(166, 171)(167, 201)(169, 202)(170, 203) (172, 205) (173, 206) (175, 196) 
(176, 209) (178, 211){181, 213)(182, 214)(183, 215)(184, 216) (185, 217) (187, 220) (188, 221) 
(190, 194) (191, 224)(192, 225}(197, 227) (199, 204)(207, 219) (208, 233)(210, 223) (212, 248) 
(218, 246) (222, 261) (226, 263) (228, 244) (229, 268) (230, 269) (231, 245) (232, 272) (234, 251) 
(235, 240) (236, 275) (238, 276)(239, 277) (241, 279) (242, 258) (243, 273) (247, 281) (249, 283) 
(252, 285) (253, 286)(255, 287) (256, 284) (257, 288) (264, 291) (265, 292) (266, 293) (267, 294) 
(270, 280) (271, 278) (274, 296) (282, 295) 

When we multiply the permutations we get &(01) = 

(1, 11, 2, 3, 6)(4, 26, 7, 13, 20)(5, 30, 8, 9, 16)(10, 32, 21, 14, 46) (12, 55, 19, 35, 49) 

(15, 61, 22, 23, 36)(17, 28, 25, 18, 42)(24, 63, 52, 38, 83)(27, 96, 45, 68, 84) (29, 72, 47, 33, 92) 
(31, 101, 41, 64, 88)(34, 106, 54, 57, 69)(37, 60, 53, 39, 80)(40, 118, 48, 50, 77) 

(43, 65, 58, 44, 85) (51, 109, 100, 78, 135) (56, 150, 82, 114, 136)(59, 156, 91, 98, 131) 

(62, 161, 76, 110, 140}(66, 120, 93, 73, 146)(67, 165, 95, 108, 115)(70, 117, 94, 74, 143) 

(71, 158, 79, 103, 126) (75, 180, 87, 89, 134)(81, 137, 86, 111, 104) (90, 132, 160, 99, 168) 
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(97, 218, 145, 173, 202) (102, 214, 112, 188, 147) (105, 228, 154, 163, 209) 

(107, 182, 130, 121, 221) (113, 234, 149, 167, 174) (116, 122, 148, 127, 179) 

(119, 246, 124, 169, 206) (123, 251, 139, 141, 201) (125, 170, 155, 144, 189) 

(128, 244, 133, 176, 200)(129, 203, 138, 152, 177)(142, 210, 223, 164, 237) 

(151, 241, 213, 242, 286) (153, 191, 224, 159, 254)(157, 290, 193, 238, 276) 

(162, 287, 171, 264, 215) (166, 255, 198, 183, 291)(172, 285, 217, 236, 219) 

(175, 184, 216, 196, 250)(178, 272, 195, 232, 211)(181, 279, 186, 253, 258) 

(185, 252, 205, 207, 275)(187, 299, 220, 222, 261)(190, 192, 225, 194, 259) 

(197, 277, 204, 230, 248) (199, 239, 227, 212, 269) (208, 282, 295, 233, 298) 

(226, 267, 262, 294, 263) (229, 260, 268, 283, 249) (231, 265, 292, 245, 300) 

(235, 278, 281, 256, 274)(240, 296, 284, 247, 271) (243, 257, 288, 273, 289) 

(266, 293, 280, 297, 270) 

On the right hand side of the equation,we have &(tot1) = ttott; = 

(1, 2)(3, 6)(4, 7)(5, 8)(9, 16)(12, 19) (13, 20) (14, 21)(15, 22)(18, 25)(23, 36)(27, 41)(28, 42) 
(31, 45)(32, 46)(33, 47) (34, 48) (35, 49) (38, 52) (39, 53)(40, 54)(44, 58)(50, 69)(56, 76)(57, 77) 
(59, 79) (60, 80) (62, 82) (63, 83) (64, $4) (65, 85) (67, 87) (68, 88)(71, 91)(72, 92)(73, 93) (74, 94) 
(75, 95)(78, 100)(81, 104) (89, 115) (90, 99)(96, 101)(97, 124) (98, 126) (102, 130) (103, 131) 
(105, 133)(106, 118) (107, 112)(108, 134)(109, 135) (110, 136)(111, 137)(113, 139) (114, 140) 
(116, 127)(117, 143)(119, 145) (120, 146)(121, 147)(122, 148) (128, 149) (125, 138)(128, 154) 
(129, 155)(132, 160) (141, 174) (142, 164)(144, 177)(150, 161)(151, 186) (152, 189)(153, 159) 
(156, 158)(157, 193)(162, 198) (163, 200) (165, 180) (166, 171)(167, 201) (169, 202)(170, 203) 
(172, 205) (173, 206)(175, 196) (176, 209)(178, 211)(181, 213) (182, 214)(183, 215) (184, 216) 
(185, 217) (187, 220) (188, 221)(190, 194)(191, 224) (192, 225) (197, 227) (199, 204) (207, 219) 
(208, 233) (210, 223)(212, 248) (218, 246) (222, 261) (226, 263) (228, 244) (229, 268) (230, 269) 
(231, 245) (232, 272) (234, 251) (235, 240) (236, 275) (238, 276) (239, 277) (241, 279) (242, 258) 
(243, 273) (247, 281) (249, 283) (252, 285) (253, 286) (255, 287) (256, 284) (257, 288) (264, 291) 
(265, 292) (266, 293) (267, 294) (270, 280)(271, 278)(274, 296) (282, 295)(1, 3)(2, 11)(4, 13) 
(5, 9)(7, 26) (8, 30)(10, 32)(12, 35) (15, 23)(17, 28)(1955) (21, 46) (22, 61)(24, 63)(25, 42) 

(27, 64)(29, 72)(31, 68) (34, 50)(37, 60)(40, 57)(41, 96) (43, 65)(45, 101) (47, 92)(48, 106) 
(51, 109) (52, 83)(53, 80)(54, 118)(56, 110)(58, 85)(59, 103)(62, 114) (66, 120)(67, 89) (69, 77) 
(70, 117)(71, 98)(75, 108)(76, 150)(79, 156)(82, 161) (84, 88)(86, 111)(87, 165)(90, 168) 

(91, 158)(93, 146) (94, 143)(95, 180) (97, 169)(99, 132)(100, 135)(102, 121) (104, 137) 
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(105, 176)(107, 188)(112, 182) (113, 141)(115, 134)(116, 179)(119, 173) (122, 127) (1.23, 167) 
(124, 218) (125, 152) (126, 131) (128, 163)(129, 144)(130, 214)(133, 228)(136, 140)(138, 170) 
(139, 234)(142, 237)(145, 246) (147, 221)(149, 251) (151, 253) (153, 254) (154, 244) (155, 203) 
(157, 238)(159, 191)(162, 183)(164, 210) (166, 264) (171, 255)(172, 207)(174, 201)(175, 250) 
(177, 189) (181, 242) (184, 196)(185, 236) (186, 241)(187, 222)(190, 259)(192, 194)(193, 290) 
(195, 232) (197, 212)(198, 287)(199, 230)(200, 209) (202, 206) (204, 239) (205, 285) (208, 298) 
(211, 272)(213, 279) (215, 291)(217, 252)(219, 275) (220, 299) (227, 277)(229, 283)(231, 300) 
(233, 282) (235, 296) (240, 278) (243, 289)(245, 265) (247, 256) (248, 269) (257, 273) (258, 286) 
(260, 268) (262, 294) (263, 267) (266, 280)(270, 297)(271, 281) (274, 284) 

When we multiply the permutations we get d(tot1) = 

(1,11, 2, 3, 6)(4, 26, 7, 13, 20)(5, 30, 8, 9, 16)(10, 32, 21, 14, 46)(12, 55, 19, 35, 49) 

(15, 61, 22, 23, 36)(17, 28, 25, 18, 42)(24, 63, 52, 38, 83)(27, 96, 45, 68, 84)(29,72, 47, 33, 92) 
(31, 101, 41, 64, 88)(34, 106, 54, 57, 69)(37, 60, 53, 39, 80)(40, 118, 48, 50, 77) 

(43, 65, 58, 44, 85)(51, 109, 100, 78, 135)(56, 150, 82, 114, 136)(59, 156, 91, 98, 131) 

(62, 161, 76, 110, 140)(66, 120, 93, 73, 146)(67, 165, 95, 108, 115)(70, 117, 94, 74, 143) 

(71, 158, 79, 103, 126)(75, 180, 87, 89, 134) (81, 137, 86, 111, 104)(90, 132, 160, 99, 168) 

(97, 218, 145, 173, 202)(102, 214, 112, 188, 147)(105, 228, 154, 163, 209) 

(107, 182, 130, 121, 221)(113, 234, 149, 167, 174)(116, 122, 148, 127, 179) 

(119, 246, 124, 169, 206) (123, 251, 139, 141, 201)(125, 170, 155, 144, 189) 

(128, 244, 133, 176, 200)(129, 203, 138, 152, 177)(142, 210, 223, 164, 237) 

(151, 241, 213, 242, 286)(153, 191, 224, 159, 254)(157, 290, 193, 238, 276) 

(162, 287, 171, 264, 215)(166, 255, 198, 183, 291)(172, 285, 217, 236, 219) 

(175, 184, 216, 196, 250)(178, 272, 195, 232, 211)(181, 279, 186, 253, 258) 

(188, 252, 205, 207, 275) (187, 299, 220, 222, 261)(190, 192, 225, 194, 259) 

(197, 277, 204, 230, 248) (199, 239, 227, 212, 269)(208, 282, 295, 233, 298) 

(226, 267, 262, 294, 263) (229, 260, 268, 283, 249)(231, 265, 292,'245, 300) 

(235, 278, 281, 256, 274) (240, 296, 284, 247, 271)(243, 257, 288, 273, 289) 

(266, 293, 280, 297, 270) 

Therefore &((01)tpt1to) = &(tot1) 


(ii) &((0321)totytotgtetitots) = &(totitetgtotite): 
On the left hand side of the equation we have, 


&((0321)totytotgtoti tots) = (0321 )ttott ttottgttatt, tiptts 
Note: We used magma to compute 4(0321). 


6:((0321)tatitotgtotitots) = 

(2, 4,5, 3)(6, 10, 15, 9)(7, 12, 18, 11)(8, 14, 17, 13)(16, 24, 34, 23)(19, 27, 39, 26) 
(20, 29, 40, 28)(21, 31, 44, 30)(22, 33, 37, 32) (25, 38, 43, 35) (36, 51, 67, 50) 
(41, 56, 74, 55)(42, 52, 71, 57)(45, 59, 60, 46)(47, 62, 81, 61)(48, 64, 53, 63) 
(49, 66, 75, 65)(54, 73, 70, 72)(58, 78, 86, 68)(69, 90, 113, 89)(76, 97, 122, 96) 
(77, 99, 125, 98)(79, 102, 127, 101) (80, 83, 91, 103) (82, 105, 117, 92) 

($4, 107, 129, 106) (85, 100, 128, 108)(87, 110, 94, 109) (88, 112, 123, 111) 

(93, 119, 144, 118)(95, 121, 116, 120)(104, 132, 138, 114) (115, 142, 172, 141) 
(124, 151, 184, 150) (126, 153, 187, 152)(130, 157, 192, 156)(131, 159, 194, 158) 
(133, 162, 196, 161)(134, 164, 199, 163)(135, 154, 176, 143)(136, 166, 197, 165) 
(137, 160, 195, 167)(139, 169, 148, 68)(140, 171, 185, 170)(145, 178, 179, 146) 
(147, 181, 212, 180) (149, 183, 175, 182)(155, 191, 190, 188)(173, 177, 210, 204) 
(174, 208, 241, 207)(186, 219, 257, 218) (189, 223, 260, 222)(193, 226, 250, 214) 
(198, 229, 266, 228)(200, 231, 267, 230)(201, 233, 271, 232) (202, 235, 274, 234) 
(203, 224, 262, 236) (205, 238, 225, 237)(206, 240, 258, 239) (209, 245, 280, 244) 
(211, 247, 273, 246) (213, 249, 259, 221)(215, 252, 284, 251)(216, 254, 220, 253) 
(217, 256, 243, 255) (227, 265, 270, 264)(242, 248, 282, 278) (261, 289, 287, 268) 
(263, 269, 295, 290) (272, 281)(275, 288, 300, 294) (276, 297, 291, 285) 


(277, 292, 299, 286) (279, 283, 293, 298)(1, 5) (2, 17)(3, 18)(4, 15) (6, 37)(7, 43)(10, 34) 
(11, 39)(13, 44)(14, 40)(16, 53)(19, 48)(20, 70)(21, 86)(24, 67)(26, 74)(29, 71)(30, 60) 
(32, 81)(33, 59)(35, 57)(36, 94)(38, 75)(41, 87)(42, 80)(45, 91)(46, 127)(47, 138) (49, 116) 
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(51, 113)(52, 125)(55, 122)(61, 117)(63, 129)(64, 103)(66, 128)(68, 108)(69, 148) (72, 144) 


(73, 105)(76, 139)(77, 104) (78, 123)(79, 95)(82, 154)(83, 194)(84, 190) (85, 143)(88, 175) 
(89, 98)(90, 172)(92, 196) (93, 204)(96, 184)(97, 102)(99, 187)(100, 199)(101, 192) 
(106, 111)(107, 119)(109, 197) (110, 176) (112, 195) (114, 167)(115, 225)(118, 179) 
(120, 212)(121, 178) (124, 220) (126, 216) (130, 205) (131, 155)(132, 185) (133, 149) 
(134, 177)(135, 280)(136, 270) (140, 243) (141, 163) (142, 241) (146, 273) (147, 278) 
(150, 257)(151, 162)(152, 158) (153, 260)(156, 250)(157, 159) (160, 271) (161, 266) 
(164, 267) (165, 170)(166, 181) (168, 274)(171, 262)(173, 222) (174, 293) (180, 259) 
(182, 284) (183, 226)(186, 294) (188, 236)(191, 249) (198, 279) (200, 288) (201, 248) 


(202, 296) (206, 282)(207, 232) (208, 218)(209, 227) (210, 258) (211, 217)(214, 295) 
(215, 255) (219, 247)(221, 298) (223, 287)(224, 300) (228, 289) (229, 245) (230, 244) 
(231, 290)(233, 272)(234, 239) (235, 252) (237, 291)(240, 299) (242, 263) (246, 281) 
(251, 297) (254, 292) (256, 261) (264, 286) (265, 276) (1, 3)(2, 11)(4, 13)(5, 9)(7, 26) 

(8, 30)(10, 32) (12, 35)(15, 23)(17, 28)(1955)(21, 46)(22, 61)(24, 63) (25, 42)(27, 64) 
(29, 72)(31, 68) (34, 50) (37, 60)(40, 57)(41, 96)(43, 65)(45, 101)(47, 92)(48, 106)(51, 109) 
(52, 83)(53, 80) (54, 118)(56, 110)(58, 85)(59, 103) (62, 114)(66, 120) (67, 89)(69, 77) 
(70, 117)(71, 98)(75, 108) (76, 150) (79, 156) (82, 161)(84, 88)(86, 111) (87, 165) (90, 168) 
(91, 158)(93, 146) (94, 143)(95, 180)(97, 169)(99, 132)(100, 135)(102, 121) (104, 137) 
(105, 176) (107, 188)(112, 182)(113, 141)(115, 134)(116, 179)(119, 173) (122, 127) 

(123, 167) (124, 218)(125, 152) (126, 131)(128, 163) (129, 144) (130, 214)(133, 228) 

(136, 140) (138, 170)(139, 234)(142, 237) (145, 246)(147, 221) (149, 251) (151, 253) 

(153, 254) (154, 244)(155, 203) (157, 238) (159, 191)(162, 183) (164, 210) (166, 264) 

(171, 255) (172, 207)(174, 201)(175, 250) (177, 189)(181, 242) (184, 196) (185, 236) 

(186, 241) (187, 222)(190, 259) (192, 194) (193, 290) (195, 232) (197, 212) (198, 287) 

(199, 230) (200, 209) (202, 206)(204, 239) (205, 285) (208, 298) (211, 272)(213, 279) 

(215, 291) (217, 252)(219, 275) (220, 299) (227, 277) (229, 283) (231, 300) (233, 282) 

(235, 296) (240, 278) (243, 289) (245, 265) (247, 256) (248, 269) (257, 273) (258, 286) 

(260, 268) (262, 294) (263, 267) (266, 280) (270, 297)(271, 281) (274, 284)(1, 2)(3, 6) 

(4, 7)(5, 8)(9, 16)(12, 19)(13, 20) (14, 21)(15, 22)(18, 25)(23, 36)(27, 41) (28, 42)(31, 45) 
(32, 46)(33, 47)(34, 48)(35, 49)(38, 52)(39, 53) (40, 54) (44, 58)(50, 69)(56, 76)(57, 77) 
(59, 79) (60, 80)(62, 82)(63, 83) (64, 84)(65, 85) (67, 87)(68, 88)(71, 91) (72, 92)(73, 93) 
(74, 94)(75, 95)(78, 100) (81, 104)(89, 115)(90, 99)(96, 101) (97, 124) (98, 126)(102, 130) 
(108, 131)(105, 133)(106, 118)(107, 112)(108, 134)(109, 135) (110, 136) (111, 137) 

(113, 139)(114, 140)(116, 127) (117, 143)(119, 145)(120, 146) (121, 147)(122, 148) 

(123, 149) (125, 138)(128, 154)(129, 155) (132, 160) (141, 174)(142, 164) (144, 177) 

(150, 161)(151, 186)(152, 189) (153, 159) (156, 158) (157, 193) (162, 198)(163, 200) 

(165, 180) (166, 171)(167, 201) (169, 202) (170, 203) (172, 205) (173, 206) (175, 196) 

(176, 209)(178, 211)(181, 213)(182, 214) (183, 215)(184, 216) (185, 217)(187, 220) 

(188, 221)(190, 194)(191, 224) (192, 225) (197, 227) (199, 204) (207, 219)(208, 233) 

(210, 223) (212, 248) (218, 246) (222, 261) (226, 263) (228, 244) (229, 268) (230, 269) 

(231, 245) (232, 272)(234, 251) (235, 240) (236, 275) (238, 276) (239, 277) (241, 279) 


(242, 258) (243, 273) (247, 281) (249, 283) (252, 285) (253, 286) (255, 287) (256, 284) 
(257, 288) (264, 291) (265, 292) (266, 293) (267, 294)(270, 280) (271, 278) (274, 296) 
(282, 295)(1, 4)(2, 10)(3, 14)(5, 12)(6, 24)(8, 29)(9, 33)(11, 38)(16, 51)(17, 31)(18, 27) 
(20, 52)(22, 45) (23, 64)(25, 66) (26, 63) (28, 73) (30, 78)(36, 90)(37, 62)(39, 56)(42, 99) 
(43, 71)(44, 59)(46, 83) (48, 91)(49, 100)(50, 110)(53, 107)(54, 82)(55, 109)(57, 103) 
(58, 112)(60, 102) (61, 132) (65, 121)(69, 142)(70, 119)(74, 97)(76, 79) (77, 153)(80, 159) 
(81, 105)(84, 93)(85, 164) (86, 128)(87, 154)(88, 160)(89, 169) (92, 135) (94, 166)(95, 145) 
(96, 168)(98, 114)(101, 120)(104, 171)(106, 191)(108, 176)(111, 183)(113, 125)(115, 208) 
(116, 181)(117, 162)(118, 210) (122, 151) (123, 129) (124, 133) (126, 223) (127, 157) 
(130, 131) (134, 231) (136, 147) (137, 233)(138, 195)(140, 224)(141, 238)(143, 245) 
(144, 178) (148, 235)(149, 193)(150, 254) (152, 253)(155, 213) (156, 237) (158, 188) 
(161, 182)(163, 173)(165, 265)(170, 256) (172, 199)(174, 257) (175, 252)(177, 240) 
(179, 247) (180, 282) (184, 219) (185, 197) (186, 211)(187, 194) (189, 289) (190, 262) 
(192, 226) (196, 229) (198, 209)(200, 295) (201, 281) (202, 215) (203, 288) (204, 260) 
(206, 292)(207, 283) (212, 249) (216, 277) (217, 268) (218, 300) (225, 297) (227, 285) 
(228, 298) (230, 275) (232, 242) (234, 296) (239, 248) (241, 271) (243, 251)(244, 264) 
(246, 255) (250, 269)(258, 274) (259, 293)(261, 266)(267, 280) (270, 299) (272, 273) 
(276, 284) (278, 290)(1, 5)(2, 17)(3, 18)(4, 15) (6, 37)(7, 43) (10, 34) (11, 39) (13, 44) 
(14, 40) (16, 53)(19, 48)(20, 70)(21, 86) (24, 67)(26, 74)(29, 71)(30, 60) (32, 81)(33, 59) 
(35, 57)(36, 94)(38, 75)(41, 87)(42, 80)(45, 91)(46, 127)(47, 138)(49, 116) (51, 113) 
(52, 125)(55, 122)(61, 117)(63, 129)(64, 103)(66, 128) (68, 108)(69, 148) (72, 144) 

(73, 105)(76, 139) (77, 104)(78, 123)(79, 95)(82, 154)(83, 194)(84, 190)(85, 143) 

(88, 175)(89, 98)(90, 172) (92, 196) (93, 204)(96, 184) (97, 102)(99, 187) (100, 199) 
(101, 192) (106, 111)(107, 119)(109, 197)(110, 176) (112, 195) (114, 167)(115, 225) 
(118, 179)(120, 212)(121, 178) (124, 220)(126, 216)(130, 205) (131, 155) (132, 185) 
(133, 149)(134, 177)(135, 280) (136, 270)(140, 243) (141, 163) (142, 241)(146, 273) 
(147, 278) (150, 257)(151, 162)(152, 158) (153, 260)(156, 250) (157, 159)(160, 271) 
(161, 266)(164, 267)(165, 170)(166, 181) (168, 274) (171, 262) (173, 222)(174, 293) 
(180, 259) (182, 284)(183, 226) (186, 294) (188, 236) (191, 249)(198, 279) (200, 288) 
(201, 248)(202, 296) (206, 282) (207, 232) (208, 218) (209, 227)(210, 258)(211, 217) 
(214, 295)(215, 255) (219, 247)(221, 298)(223, 287)(224, 300) (228, 289) (229, 245) 
(230, 244) (231, 290) (233, 272) (234, 239) (235, 252) (237, 291) (240, 299)(242, 263) 


(246, 281)(251, 297) (254, 292) (256, 261) (264, 286) (265, 276)(1, 3)(2, 11)(4, 13)(5, 9) 
(7, 26)(8, 30)(10, 32)(12, 35) (15, 23)(17, 28) (1955) (21, 46)(22, 61)(24, 63)(25, 42) 
(27, 64)(29, 72)(31, 68)(34, 50)(37, 60)(40, 57)(41, 96)(43, 65)(45, 101)(47, 92) (48, 106) 
(51, 109) (52, 83)(53, 80)(54, 118) (56, 110)(58, 85)(59, 103)(62, 114) (66, 120)(67, 89) 
(69, 77)(70, 117)(71, 98)(75, 108) (76, 150)(79, 156) (82, 161)(84, 88)(86, 111)(87, 165) 
(90, 168) (91, 158)(93, 146) (94, 143) (95, 180)(97, 169) (99, 132)(100, 135) (102, 121) 
(104, 137) (105, 176)(107, 188) (112, 182)(113, 141)(115, 134) (116, 179)(119, 173) 
(122, 127) (123, 167)(124, 218)(125, 152) (126, 131)(128, 163)(129, 144)(130, 214) 
(133, 228) (136, 140)(138, 170)(139, 234) (142, 237) (145, 246) (147, 221)(149, 251) 
(151, 253) (153, 254)(154, 244)(155, 203) (157, 238)(159, 191) (162, 183)(164, 210) 
(166, 264) (171, 255)(172, 207)(174, 201) (175, 250)(177, 189) (181, 242)(184, 196) 
(185, 236) (186, 241)(187, 222) (190, 259) (192, 194) (193, 290) (195, 232) (197, 212) 
(198, 287) (199, 230)(200, 209) (202, 206) (204, 239) (205, 285) (208, 298) (211, 272) 
(213, 279) (215, 291)(217, 252) (219, 275) (220, 299) (227, 277) (229, 283) (231, 300) 
(233, 282) (235, 296)(240, 278) (243, 289) (245, 265) (247, 256) (248, 269) (257, 273) 
(258, 286) (260, 268) (262, 294) (263, 267) (266, 280) (270, 297) (271, 281) (274, 284) 

(1, 2)(3, 6)(4, 7)(5, 8)(9, 16) (12, 19)(13, 20)(14, 21}(15, 22) (18, 25)(23, 36)(27, 41) 
(28, 42)(31, 45)(32, 46)(33, 47) (34, 48)(35, 49) (38, 52)(39, 53)(40, 54) (44, 58)(50, 69) 
(56, 76)(57, 77)(59, 79) (60, 80)(62, 82) (63, 83) (64, 84) (65, 85) (67, 87)(68, 88)(71, 91) 
(72, 92) (73, 93)(74, 94)(75, 95)(78, 100)(81, 104)(89, 115)(90, 99)(96, 101) (97, 124) 
(98, 126)(102, 130)(103, 131)(105, 133)(106, 118)(107, 112)(108, 134)(109, 135) 
(110, 136) (111, 137)(113, 139)(114, 140) (116, 127)(117, 143)(119, 145)(120, 146) 
(121, 147) (122, 148)(123, 149) (125, 138) (128, 154) (129, 155) (132, 160) (141, 174) 
(142, 164)(144, 177)(150, 161)(151, 186) (152, 189)(153, 159) (156, 158)(157, 193) 
(162, 198) (163, 200)(165, 180) (166, 171) (167, 201) (169, 202)(170, 203) (172, 205) 
(173, 206) (175, 196)(176, 209) (178, 211) (181, 213) (182, 214)(183, 215) (184, 216) 
(185, 217)(187, 220)(188, 221) (190, 194) (191, 224) (192, 225) (197, 227) (199, 204) 
(207, 219)(208, 233) (210, 223) (212, 248) (218, 246) (222, 261) (226, 263) (228, 244) 
(229, 268) (230, 269) (231, 245) (232, 272) (234, 251) (235, 240) (236, 275)(238, 276) 
(239, 277) (241, 279) (242, 258)(243, 273) (247, 281)(249, 283) (252, 285) (253, 286) 
(255, 287) (256, 284)(257, 288) (264, 291) (265, 292) (266, 293) (267, 294)(270, 280) 
(271, 278) (274, 296) (282, 295)(1, 4)(2, 10)(3, 14) (5, 12)(6, 24)(8, 29) (9, 33) (11, 38) 
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(16, 51)(17, 31)(18, 27)(20, 52)(22, 45) (23, 64) (25, 66)(26, 63)(28, 73)(30, 78)(36, 90) 
(37, 62) (39, 56) (42, 99) (43, 71)(44, 59) (46, 83)(48, 91)(49, 100)(50, 110)(53, 107) 
(54, 82)(55, 109) (57, 103) (58, 112)(60, 102)(61, 132) (65, 121) (69, 142)(70, 119)(74, 97) 
(76, 79)(77, 153)(80, 159) (81, 105) (84, 93)(85, 164)(86, 128)(87, 154) (88, 160) (89, 169) 
(92, 135)(94, 166) (95, 145)(96, 168) (98, 114)(101, 120) (104, 171)(106, 191)(108, 176) 
(111, 183)(113, 125)(115, 208)(116, 181) (117, 162)(118, 210)(122, 151)(123, 129) 
(124, 133) (126, 223)(127, 157)(130, 131) (134, 231)(136, 147) (137, 233) (138, 195) 
(140, 224)(141, 238) (143, 245) (144, 178) (148, 235)(149, 193)(150, 254) (152, 253) 
(155, 213) (156, 237)(158, 188)(161, 182) (163, 173)(165, 265) (170, 256)(172, 199) 
(174, 257)(175, 252) (177, 240)(179, 247) (180, 282) (184, 219) (185, 197) (186, 211) 
(187, 194)(189, 289) (190, 262)(192, 226) (196, 229)(198, 209) (200, 295) (201, 281) 
(202, 215)(203, 288) (204, 260) (206, 292) (207, 283) (212, 249) (216, 277)(217, 268) 
(218, 300) (225, 297)(227, 285) (228, 298) (230, 275) (232, 242) (234, 296) (239, 248) 
(241, 271) (248, 251)(244, 264)(246, 255) (250, 269) (258, 274) (259, 293) (261, 266) 
(267, 280) (270, 299) (272, 273)(276, 284) (278, 290) 

When we multiply the permutations, we get: &((0321)totitotatetitpt3) = 

(1, 257, 272, 13, 281, 174)(2, 184, 267, 32, 230, 261)(3, 266, 200)(4, 208, 229, 14, 231, 219) 
(5, 295, 228, 35, 198, 115)(6, 122, 258, 26, 152, 276) (7, 250, 187, 63, 239, 226) 

(8, 196, 241, 72, 207, 201) (9, 284, 126)(10, 289, 157, 38, 240, 151)(11, 192, 206) 

(12, 142, 252, 33, 153, 269}(15, 223, 251, 64, 130, 189)(16, 74, 291, 55, 89, 202) 

(17, 273, 218, 68, 186, 134)(18, 292, 156, 23, 215, 69)(19, 216, 113, 109, 285, 253) 

(20, 117, 185, 46, 111, 249)(21, 179, 123, 83, 170, 178)(22, 175, 172, 120, 268, 275) 

(24, 297, 97)(25, 127, 287, 101, 141, 209)(27, 90, 277)(28, 212, 88) 

(29, 238, 119, 78, 171, 162)(30, 144, 140)(31, 164, 181, 73, 112, 247) 

(34, 237, 299, 110, 76, 225)(36, 39, 274, 96, 50, 286) (37, 280, 150, 98, 263, 77) 

(40, 160, 180, 103, 93, 137)(41, 148, 67, 168, 234, 169)(42, 81, 221, 61, 108, 136) 

(43, 298, 290, 114, 124, 177) (44, 224, 118, 57, 147, 85)(45, 288, 128, 132, 213, 183) 

(47, 143, 75, 135, 165, 176)(48, 243, 260, 188, 193, 248)(49, 60, 197, 92, 65, 236) 

(51, 235, 56)(52, 259, 105)(53, 194, 214, 158, 222, 131)(54, 116, 199, 182, 232, 283) 
(58, 70, 271, 161, 163, 211)(59, 100, 203) (62, 99, 166, 102, 66, 245) 

(71, 210, 262, 121, 82, 293)(79, 94, 125, 254, 244, 238) (80, 129, 146, 106, 167, 84) 

(86, 300, 246, 173, 133, 104) (87, 270, 205, 264, 220, 227) (91, 282, 195, 191, 145, 256) 
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(95, 190, 204, 255, 294, 217)(107, 159) (138, 278, 279, 242, 149, 155) (139, 296) (154, 265) 


On the right hand side of the equation, &(totitetgtotita) = ttott, ttattgttptt, tte 
Hence &(totitetgtotite) = 


(1, 2)(3, 6)(4, 7)(5, 8)(9, 16)(12, 19)(13, 20)(14, 21)(15, 22)(18, 25)(23, 36) (27, 41) 

(28, 42)(31, 45)(32, 46) (33, 47)(34, 48)(35, 49) (38, 52) (39, 53)(40, 54)(44, 58)(50, 69) 

(56, 76)(57, 77)(59, 79) (60, 80) (62, 82) (63, 83) (64, 84) (65, 85)(67, 87) (68, 88) (71, 91) 

(72, 92)(73, 93) (74, 94)(75, 95)(78, 100)(81, 104)(89, 115)(90, 99)(96, 101)(97, 124) 

(98, 126)(102, 130) (103, 131) (105, 133) (106, 118)(107, 112) (108, 134)(109, 135)(110, 136) 
(111, 137) (113, 139)(114, 140)(116, 127)(117, 143)(119, 145)(120, 146) (121, 147) (122, 148) 
(123, 149)(125, 138) (128, 154)(129, 155) (132, 160) (141, 174)(142, 164)(144, 177)(150, 161) 
(151, 186)(152, 189)(153, 159) (156, 158) (157, 193) (162, 198) (163, 200) (165, 180)(166, 171) 
(167, 201) (169, 202)(170, 203)(172, 205) (173, 206)(175, 196)(176, 209) (178, 211) (181, 213) 
(182, 214) (183, 215) (184, 216) (185, 217) (187, 220) (188, 221)(190, 194) (191, 224)(192, 225) 
(197, 227)(199, 204) (207, 219) (208, 233) (210, 223) (212, 248) (218, 246) (222, 261) (226, 263) 
(228, 244)(229, 268) (230, 269) (231, 245) (232, 272) (234, 251)(235, 240) (236, 275) (238, 276) 
(239, 277) (241, 279)(242, 258) (243, 273)(247, 281)(249, 283) (252, 285) (253, 286) (255, 287) 
(256, 284) (257, 288)(264, 291) (265, 292) (266, 293) (267, 294) (270, 280) (271, 278) (274, 296) 
(282, 295) (1, 3)(2, 11)(4, 13)(5, 9)(7, 26)(8, 30) (10, 32) (12, 35) (15, 23)(17, 28)(1955) (21, 46) 
(22, 61) (24, 63)(25, 42) (27, 64)(29, 72)(31, 68)(34, 50)(37, 60)(40, 57) (41, 96) (43, 65) 

(45, 101) (47, 92)(48, 106) (51, 109)(52, 83)(53, 80)(54, 118) (56, 110)(58, 85)(59, 103) 

(62, 114)(66, 120) (67, 89)(69, 77)(70, 117)(71, 98)(75, 108) (76, 150) (79, 156) (82, 161) 

(84, 88) (86, 111)(87, 165)(90, 168)(91, 158)(93, 146)(94, 143)(95, 180)(97, 169) (99, 132) 
(100, 135) (102, 121)(104, 137)(105, 176) (107, 188)(112, 182) (113, 141)(115, 134)(116, 179) 
(119, 173) (122, 127)(123, 167) (124, 218) (125, 152)(126, 131) (128, 163) (129, 144) (130, 214) 
(133, 228) (136, 140)(138, 170)(139, 234) (142, 237) (145, 246) (147, 221)(149, 251)(151, 253) 
(153, 254) (154, 244)(155, 203) (157, 238) (159, 191) (162, 183) (164, 210) (166, 264)(171, 255) 
(172, 207)(174, 201)(175, 250)(177, 189) (181, 242) (184, 196) (185, 236) (186, 241)(187, 222) 
(190, 259) (192, 194)(193, 290) (195, 232) (197, 212)(198, 287) (199, 230) (200, 209) (202, 206) 
(204, 239) (205, 285) (208, 298) (211, 272) (213, 279)(215, 291) (217, 252) (219, 275) 

(220, 299) (227, 277)(229, 283) (231, 300) (233, 282) (235, 296) (240, 278) (243, 289) (245, 265) 
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(247, 256)(248, 269) (257, 273) (258, 286) (260, 268) (262, 294) (263, 267) (266, 280) 

(270, 297) (271, 281) (274, 284)(1, 5)(2, 17)(3, 18)(4, 15)(6, 37)(7, 43)(10, 34) (11, 39) 
(13, 44)(14, 40) (16, 53)(19, 48) (20, 70) (21, 86) (24, 67) (26, 74)(29, 71) (30, 60)(32, 81) 
(33, 59) (35, 57)(36, 94)(38, 75)(41, 87)(42, 80) (45, 91)(46, 127) (47, 138) (49, 116) (51, 113) 
(52, 125)(55, 122)(61, 117)(63, 129) (64, 103)(66, 128) (68, 108)(69, 148) (72, 144) (73, 105) 
(76, 139)(77, 104) (78, 123)(79, 95)(82, 154)(83, 194) (84, 190) (85, 143)(88, 175)(89, 98) 
(90, 172) (92, 196) (93, 204) (96, 184) (97, 102)(99, 187)(100, 199)(101, 192)(106, 111) 
(107, 119) (109, 197) (110, 176)(112, 195)(114, 167) (115, 225) (118, 179)(120, 212) 

(121, 178) (124, 220)(126, 216)(130, 205) (131, 155)(132, 185) (133, 149)(134, 177) 

(135, 280) (136, 270)(140, 243)(141, 163) (142, 241) (146, 273) (147, 278)(150, 257) 

(151, 162)(152, 158)(153, 260)(156, 250) (157, 159)(160, 271) (161, 266)(164, 267) 

(165, 170) (166, 181)(168, 274)(171, 262) (173, 222) (174, 293) (180, 259)(182, 284) 

(183, 226) (186, 294) (188, 236) (191, 249) (198, 279) (200, 288) (201, 248) (202, 296) 

(206, 282) (207, 232) (208, 218)(209, 227) (210, 258) (211, 217)(214, 295) (215, 255) 

(219, 247)(221, 298) (223, 287)(224, 300) (228, 289) (229, 245) (230, 244)(231, 290) 

(233, 272) (234, 239) (235, 252) (237, 291) (240, 299) (242, 263) (246, 281) (251, 297) 

(254, 292) (256, 261) (264, 286) (265, 276) (1, 4)(2, 10)(3, 14)(5, 12)(6, 24)(8, 29)(9, 33) 
(11, 38) (16, 51)(17, 31)(18, 27)(20, 52)(22, 45)(23, 64)(25, 66)(26, 63)(28, 73)(30, 78) 
(36, 90) (37, 62)(39, 56)(42, 99) (43, 71)(44, 59)(46, 83)(48, 91)(49, 100) (50, 110) (53, 107) 
(54, 82)(55, 109) (57, 103)(58, 112)(60, 102)(61, 132)(65, 121) (69, 142)(70, 119)(74, 97) 
(76, 79)(77, 153)(80, 159) (81, 105) (84, 93)(85, 164)(86, 128)(87, 154)(88, 160) (89, 169) 
(92, 135) (94, 166)(95, 145)(96, 168)(98, 114)(101, 120) (104, 171)(106, 191)(108, 176) 
(111, 183)(113, 125)(115, 208) (116, 181)(117, 162)(118, 210) (122, 151) (123, 129) 

(124, 133) (126, 223) (127, 157)(130, 131) (134, 231)(136, 147) (137, 233) (138, 195) 

(140, 224)(141, 238) (143, 245) (144, 178) (148, 235) (149, 193) (150, 254) (152, 253) 

(155, 213) (156, 237)(158, 188)(161, 182) (163, 173)(165, 265) (170, 256) (172, 199) 

(174, 257)(175, 252)(177, 240)(179, 247) (180, 282) (184, 219) (185, 197) (186, 211) 

(187, 194)(189, 289) (190, 262)(192, 226) (196, 229)(198, 209) (200, 295) (201, 281) 

(202, 215) (203, 288) (204, 260) (206, 292) (207, 283) (212, 249) (216, 277) (217, 268) 

(218, 300) (225, 297) (227, 285) (228, 298) (230, 275) (232, 242) (234, 296) (239, 248) 

(241, 271) (243, 251)(244, 264) (246, 255) (250, 269) (258, 274) (259, 293) (261, 266) 

(267, 280) (270, 299) (272, 273) (276, 284) (278, 290) (1, 2)(3, 6)(4, 7)(5, 8)(9, 16) (12, 19) 


(13, 20)(14, 21)(15, 22) (18, 25) (23, 36) (27, 41)(28, 42)(31, 45)(32, 46) (33, 47)(34, 48) 
(35, 49)(38, 52)(39, 53)(40, 54)(44, 58) (50, 69) (56, 76)(57, 77)(59, 79) (60, 80) (62, 82) 
(63, 83)(64, 84)(65, 85)(67, 87)(68, 88)(71, 91) (72, 92) (73, 93)(74, 94)(75, 95)(78, 100) 
(81, 104)(89, 115)(90, 99)(96, 101)(97, 124)(98, 126)(102, 130) (103, 131)(105, 133) 
(106, 118)(107, 112) (108, 134)(109, 135)(110, 136)(111, 137) (113, 139) (114, 140) 
(116, 127)(117, 143)(119, 145)(120, 146)(121, 147) (122, 148) (123, 149) (125, 138) 
(128, 154)(129, 155)(132, 160) (141, 174) (142, 164) (144, 177)(150, 161)(151, 186) 
(152, 189) (153, 159)(156, 158)(157, 193) (162, 198) (163, 200)(165, 180)(166, 171) 
(167, 201)(169, 202)(170, 203) (172, 205)(173, 206)(175, 196)(176, 209) (178, 211) 
(181, 213) (182, 214)(183, 215) (184, 216) (185, 217) (187, 220) (188, 221) (190, 194) 
(191, 224)(192, 225)(197, 227) (199, 204) (207, 219) (208, 233) (210, 223) (212, 248) 
(218, 246)(222, 261) (226, 263) (228, 244) (229, 268) (230, 269) (231, 245) (232, 272) 
(234, 251)(235, 240)(236, 275) (238, 276) (239, 277) (241, 279) (242, 258) (243, 273) 
(247, 281) (249, 283)(252, 285) (253, 286) (255, 287)(256, 284) (257, 288) (264, 291) 
(265, 292) (266, 293) (267, 294) (270, 280) (271, 278) (274, 296) (282, 295) (1, 3)(2, 11) 
(4, 13)(5, 9) (7, 26)(8, 30)(10, 32) (12, 35)(15, 23)(17, 28)(1955)(21, 46) (22, 61)(24, 63) 
(25, 42)(27, 64)(29, 72)(31, 68) (34, 50)(37, 60) (40, 57)(41, 96) (43, 65)(45, 101)(47, 92) 
(48, 106)(51, 109)(52, 83)(53, 80)(54, 118) (56, 110)(58, 85)(59, 103) (62, 114)(66, 120) 
(67, 89)(69, 77)(70, 117)(71, 98)(75, 108) (76, 150)(79, 156) (82, 161)(84, 88)(86, 111) 
(87, 165)(90, 168)(91, 158) (93, 146) (94, 143)(95, 180)(97, 169)(99, 132) (100, 135) 
(102, 121) (104, 137)(105, 176)(107, 188) (11.2, 182)(113, 141)(115, 134)(116, 179) 
(119, 173)(122, 127)(123, 167)(124, 218) (125, 152) (126, 131) (128, 163)(129, 144) 
(130, 214) (133, 228)(136, 140) (138, 170) (139, 234) (142, 237)(145, 246) (147, 221) 
(149, 251) (151, 253)(153, 254) (154, 244) (155, 203) (157, 238) (159, 191)(162, 183) 
(164, 210) (166, 264) (171, 255)(172, 207) (174, 201)(175, 250) (177, 189) (181, 242) 
(184, 196) (185, 236)(186, 241) (187, 222)(190, 259)(192, 194) (193, 290) (195, 232) 
(197, 212)(198, 287)(199, 230) (200, 209)(202, 206)(204, 239) (205, 285)(208, 298) 
(211, 272) (213, 279)(215, 291) (217, 252) (219, 275) (220, 299) (227, 277)(229, 283) 
(231, 300)(233, 282) (235, 296)(240, 278) (243, 289) (245, 265) (247, 256)(248, 269) 
(257, 273) (258, 286) (260, 268) (262, 294)(263, 267) (266, 280)(270, 297) (271, 281) 
(274, 284)(1,5)(2, 17)(3, 18) (4, 15)(6, 37)(7, 43)(10, 34)(11, 39) (13, 44) (14, 40) 

(16, 53)(19, 48) (20, 70)(21, 86)(24, 67) (26, 74) (29, 71)(30, 60)(32, 81) (33, 59)(35, 57) 
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(36, 94)(38, 75)(41, 87)(42, 80)(45, 91) (46, 127)(47, 138) (49, 116)(51, 113)(52, 125) 
(55, 122)(61, 117)(63, 129)(64, 103)(66, 128)(68, 108) (69, 148)(72, 144)(73, 105)(76, 139) 
(77, 104)(78, 123)(79, 95)(82, 154) (83, 194)(84, 190) (85, 143)(88, 175)(89, 98) (90, 172) 
(92, 196) (93, 204) (96, 184) (97, 102)(99, 187)(100, 199) (101, 192)(106, 111)(107, 119) 
(109, 197) (110, 176)(112, 195)(114, 167)(115, 225)(118, 179) (120, 212) (121, 178) 

(124, 220)(126, 216) (130, 205) (131, 155) (132, 185) (133, 149) (134, 177)(135, 280) 

(136, 270)(140, 243)(141, 163) (142, 241) (146, 273) (147, 278)(150, 257) (151, 162) 

(152, 158) (153, 260) (156, 250) (157, 159)(160, 271) (161, 266) (164, 267) (165, 170) 
(166, 181) (168, 274)(171, 262)(173, 222) (174, 293)(180, 259) (182, 284) (183, 226) 
(186, 294)(188, 236)(191, 249)(198, 279) (200, 288) (201, 248) (202, 296)(206, 282) 
(207, 232) (208, 218)(209, 227) (210, 258) (211, 217) (214, 295) (215, 255) (219, 247) 

(221, 298) (223, 287)(224, 300) (228, 289) (229, 245) (230, 244) (231, 290) (233, 272) 

(234, 239) (235, 252) (237, 291) (240, 299) (242, 263) (246, 281) (251, 297) (254, 292) 

(256, 261) (264, 286)(265, 276) 


When we multiply the permutation, we get: 


(1, 257, 272, 13, 281, 174) (2, 184, 267, 32, 230, 261)(3, 266, 200)(4, 208, 229, 14, 231, 219) 
(5, 295, 228, 35, 198, 115)(6, 122, 258, 26, 152, 276)(7, 250, 187, 63, 239, 226) 

(8, 196, 241, 72, 207, 201)(9, 284, 126)(10, 289, 157, 38, 240, 151)(11, 192, 206) 

(12, 142, 252, 33, 153, 269) (15, 223, 251, 64, 130, 189) (16, 74, 291, 55, 89, 202) 

(17, 273, 218, 68, 186, 134) (18, 292, 156, 23, 215, 69)(19, 216, 113, 109, 285, 253) 

(20, 117, 185, 46, 111, 249) (21, 179, 123, 83, 170, 178)(22, 175, 172, 120, 268, 275) 

(24, 297, 97)(25, 127, 287, 101, 141, 209) (27, 90, 277) (28, 212, 88) (29, 233, 119, 78, 171, 162) 
(30, 144, 140)(31, 164, 181, 73, 112, 247) (34, 237, 299, 110, 76, 225)(36, 39, 274, 96, 50, 286) 
(37, 280, 150, 98, 263, 77)(40, 160, 180, 103, 93, 137) (41, 148, 67, 168, 234, 169) 

(42, 81, 221, 61, 108, 136) (43, 298, 290, 114, 124, 177)(44, 224, 118, 57, 147, 85) 

(45, 288, 128, 132, 213, 183)(47, 143, 75, 135, 165, 176) (48, 243, 260, 188, 193, 248) 

(49, 60, 197, 92, 65, 236) (51, 235, 56)(52, 259, 105) (53, 194, 214, 158, 222, 131) 

(54, 116, 199, 182, 232, 283)(58, 70, 271, 161, 163, 211)(59, 100, 203) (62, 99, 166, 102, 66, 245) 
(71, 210, 262, 121, 82, 293)(79, 94, 125, 254, 244, 238) (80, 129, 146, 106, 167, 84) 

(86, 300, 246, 173, 133, 104)(87, 270, 205, 264, 220, 227)(91, 282, 195, 191, 145, 256) 

(95, 190, 204, 255, 294, 217)(107, 159) (138, 278, 279, 242, 149, 155)(139, 296) (154, 265) 
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Therefore &((0321)tatitotstetitots) = & (totitetgtotite) 


By the First Isomorphism Theorem, we have that 


= toa = |(xz, yy, tto)| = 7200 
=> |G| = 7200 - |ker&| 

=> |G| > 7200 

But, using the cayley diagram, we had previously shown that |G| < 7200. Therefore 


|G| = 7200. 


4.3 Permutation and Symmetric Representation 


Permutation to Symmetric: The goal is to find the symmetric representa- 
tion form of the following permutation p. 
Let p= 
(1, 105, 284, 175, 205, 96, 38, 169, 152, 37, 113, 221, 210, 242, 106) (2, 97, 215, 216, 139, 156, 
24, 253, 230, 53, 128, 140, 164, 217, 165) (3, 59, 212, 196, 204, 150, 63, 110, 89, 39, 67, 291, 237, 
264, 158)(4, 178, 266, 116, 260, 92, 78, 238, 111, 17, 187, 224, 282, 294, 61)(5, 123, 292, 243, 
279, 55, 14, 176, 192, 70, 172, 146132, 173, 65)(6, 56, 286, 250, 87, 228, 52, 183, 207, 80, 71, 
206, 142, 227, 234)(7, 151, 198, 148, 154, 126, 51, 275, 239, 25, 119, 136, 233, 149, 180)(8, 157, 
(8, 157, 147, 288, 220, 118, 10, 226, 281, 94,195, 88, 99, 283, 170)(9, 40, 197, 273, 278, 
161, 32, 64, 108, 74,125, 287, 168, 188, 98)(11, 27, 236, 184, 138, 218, 83, 121, 141, 60, 
34, 258, 223, 296, 244)(12, 249, 257, 190, 290, 46, 73, 222, 117, 43, 267, 160, 265, 232, 
30)(13, 103, 144, 127, 199, 214, 109, 114, 50, 18, 75, 274, 298, 255, 101)(15, 185, 295, 
270, 246, 26, 33,167, 122, 86, 241, 135, 191, 163, 28)(16, 62, 202, 289, 95, 251, 21, 162, 
186, 143, 91, 200, 90, 248, 285)(19, 219, 130, 225, 145, 69, 66, 201, 240, 58, 181, 84, 245, 
133, 203)(20, 102, 263, 179, 48, 272, 100, 256, 268, 42, 31, 276, 208, 155, 299)(22, 229, 
93, 293,193, 85, 29, 261, 231, 104, 262, 49, 159, 211, 259)(23, 44, 129, 280, 300, 182, 72, 
35, 57, 81, 194, 271, 254, 120, 68)(36, 107, 209, 297, 54, 252, 47, 247, 124, 137, 45, 174, 
153, 177, 213)(41, 269, 76, 189, 82, 115, 112, 134, 171, 77, 166, 131, 235, 79, 277)€ Sao 
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By definition, the right cosets of any group, partition the group into disjoint 
subsets. Hence, any two right cosets of a group will either be equal or disjoint. 
Since Np = Nw and p€ Np 
=>peENw 
=>p=nw, where n € N and N = 54 
In order to find the symmetric representation form of p, we must solve for this n. 
>n=pwl, 
But Np = 1? = 105 and , from the labeling, 105 = Ntgtotitste 
=> Np = Ntatoty tate 
=> p = ntgtotitgte 
> n= ploatatytot, 
Notice that ptotgtitets = (2,3, 7)(4, 6)(8, 21, 20)(9, 18, 22, 17, 11, 19)(10, 12, 16) 

(13, 15)(23, 26, 27, 32, 29, 24)(28, 31, 30) 

Therefore, n = (2,3). Now we must look at the labeling of the double cosets, and 
translate the permutation (2, 3): 
=> n= (4,1) 


Thus, (4, 1)tgtet tgte is the symmetric representation form of the permutation p. 
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Chapter 5 


The Construction of A7 x S5 


We want to prove that the symmetric representations of A7 x S5 is given by 
ONCOL where X ~ (01234) (01234) and Y ~ (00) (11) (23) (34) (43). ‘The symmetric 
presentation of the progenitor 3*° :in S5 is : 
3° im Ss & (x,y, tla® = y? = (ye) = [2,y)° = 1 = 88 = (yt)” = (yt*)?, (ue*)’). 

The control subgroup N is Ss on ten letters, ¢; and #; for i=0,..,4. 

To prove: 

Ar x S & (2,y,t|n = 7? = (yx)* = [x,y = 1 = 8 = (yt)? = (yt?)’, (y?”)” , 

we must perform a double coset enumeration of Az x Ss over Ss. The double coset 
enumeration consists of finding all double cosets [w] and figuring out how many single 
cosets each of these contains. Notice that the double coset enumeration is complete when 
the set of right cosets is closed under right multiplication. That is, when none of the 
t;’s can expand the cayley graph any further. From the definition of 3*° we obtain the 
following relation: #2 = 3 = t3 = t3 = t3 = 1. Since #8 = 1 fori =0,...,4, then ¢3-t7! = 
1-t;! => ¢? =t;1. Thus we obtain this new relation ¢? = t;’. The control subgroup is 
permutation group Ss on ten letters which consists of the permutations of 0,1, 2,3 and 

We will proceed to expand the relators and obtain our relations. 

The first relation is as follows: [(01) (23) to]* =e 
Let 7 = (01) (23) .Then by permutation multiplication, we obtain the following: 

a = (01) (23) = x3 


r=e=nr', 


So if we expand [(01) (23) to]* = e we obtain the following: 
ntontgntoaty = e 


—” = e we can simplify the expression 


Using the property that a" 
=> amen tgnn nr *tona' a ltpnty = € 
=> 4 (aS to73) (1~*tx?) (x—1 tz) to =e 
Using the conjugation property, m~liza = tf , 
= rt i tt to = € 
an p00) te #023)" — 
=> titotito =e 
=> tito = tol 
Thus, we obtain the relation tito = tot . 
The second relation is as follows: [(01) (234234) tol® =e. 


oF 


Let a = (01) (234234). Then, by permutation multiplication, we obtain the following 


nt = (01) (234234) 

qn? = (243) (243) 

x3 = (01) (23) (33) (44) 

x = (284) (334) 

n°” = (01) (243243) 

nm =e 

So, if we expand {(01) (01) (234234) to]° = e we obtain the following 
aigntontontomtignty = € 

=> Oe em Em Em aT ty = @ 


ay (07) 248243) 46234) 234) 00) 229188) 44) (248) 243) oon (a54222) ieee 
= titotitotito =e 
=> tytoti = totito 
Thus, we obtain the relation ft of, = totto. 
The third relation is as follows {(01) (234234) ip]® = e 


Let w = (01) (234234). Then, by permutation multiplication, we obtain the following 


a) = (01) (01) (234234) 

mn = (243) (243) 

a = (01) (01) (22) (33) (44) 
x* = (234) (234) 
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x = (01) (01) (243243) 
ne 
So, if we expand [(01) (234234) fp]° = e we obtain the following 
atontontontyntonty =e 
6 yn prt fx? Fx Fa! - 


ss 01) (01) (248248) p234)234) HOT O1) (22) 83) (44) 243) (248) 01) (01) (254284) ane 


=> tigtitotify = e 
=> tytot, = totito 
Thus, we obtain the relation tit9t1 = tofito. 
From relations 2 and 3 we obtain the following relation: 
By transitiviy, since (tot = totitg and tytpoty = totyto, then thtpt, = titoti 


Thus we obtain a new relation #1 fpt, = tytot1. 


5.1 The Double Coset Enumeration of G over Ss 


The empty word is NeN = {Nen|ne N}={Nn|n€ N} = {N}. We will denote this 


double coset by [*] . The number of elements in [*] is a = 730 = 1, hence [+] consists of 


Take a representative from this orbit and apply it to N, and determine to which double 


coset it belongs to {in other words, if the Cayley graph is expanded): 


N -tp = Nto € [0]. 
Since the orbit of 0 is of length ten, 
ten ¢,’s will extend the Cayley graph from [+] to [0]. 


Next, look at the double coset NtgN , the words of length one, which we will 
denote by [0]. To obtain the elements in [0], we must; first find the point stabiliser of 0, 
N°. The point stabiliser,N°, consists of permutations in N = Ss which fix 0 and permute 
1, 2,3, 4. This means that |N ny = 4! = 24. In this case, the point stabiliser is equal to the 


set stabiliser, N), NO = N° = ((1,2,3,4), (1,2,3,4)) = ((1, 2,3) (1,4), (1,2, 3) (1, 4)) 
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= ((1, 2) (1, 3) (1, 4) , (1,2) (1, 3) (1, 4) & Ag on 8 letters. Thus, || = # = 12. Hence 
To find the orbits of N), we conjugate 0,1,2,3 and 4 by N© . The orbits of N© are 


{0}, {0}, {1, 2,3, 4} and {1,2,3,4} . The number of single cosets in the double coset {0] 
N 
N() 


we must first find the right cosets, also known as transversals, of N© in N. Therefore 
[0] = {Nto, Nti, Nto, Nts, Nt4, Nto, Nii, Nto, Nig, Nta}. 


is obtained by dividing = 1” = 10. To obtain the elements in this double coset, 


Now we must take a representative from each orbit of N (2) and apply it to Ntp 
to determine if the Cayley graph is expanded or collapsed: 


Ntg.to = Nig € {0}. 
Since the orbit of 0 is of length 1, 
one t; will map [0] to [0]. 


Nty»ij) =N € [x] 
Since the orbit of 0 is of length 1, 
one ¢; will collapse the Cayley graph from [0] to [+]. 


Nig. ty = Ntoti 

This is a new double coset which we will label as (01). 
Since the orbit of 1 is of length 4, 

four ¢;’s will extend the Cayley graph from [0] to [01]. 


Nto«t) = Ntoti 

This is a new double coset which we will label as [01]. 
Since the orbit of 1 is of length 4, 

four £;’s will extend the Cayley graph from (0] to [01]. 


Now, we look at the double coset NigtiN which we denoted [01]. To obtain 
the elements in [01], we must first find the point stabiliser of 0 and 1, N®!. The point 
stabiliser consists of permutations in N = Ss which fix 0 and 1 and permute 2, 3, 4. 
This means that |N°!| = 31 = 6. The set stabiliser, NC!) > N°. Due to relation 1, 
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listed above, the set stabiliser increases: 
N (tot,) ©) = Ntytp = Néotr => (01) € NOY = NOD > (N, (01). 
Therefore, |N©] = 6-2 = 12. To find the orbits of N@)), we conjugate 0,1, 2,3 and 


single cosets in the double coset [01] is obtained by dividing Two] = #2 = 10. To 


obtain the single cosets in this double coset, we apply the permutations in $5 : 
(01) = NtotiN ={N (tot1)” |n € N} = {Niots, Ntote, Ntots, Ntota} 
Next, we must take a representative of each orbit of N©” and apply it to Ntoty to 


determine if it will extend or collapse the Cayley graph: 


Ntoti + ti = Ntg (t,)? = Ntot, € oi]. 
Since the orbit of 1 is of length 2, 
2 things map from [01] to {0]]. 


Ntoty - te = Ntotite. 

This is a new double coset which we will label as [012]. 
Since the orbit of 2 is of length 3, 

three things will extend the Cayley graph from [01] to [012}. 


Ntots - t1 = Nto € [0]. 
Since the orbit of 1 is of length 5, five things map from [01] to [0]. 


Now we loook at the double coset Nto#;N which we denoted (01]. To obtain 
the elements in {0I], we must first find the point stabiliser of 0 and I, N 01 The point 
stabiliser, N°! , consists of permutations in N = Ss which fix 0 and 1 permute 2, 3, 4. 
Hence N°! = ((234) (234)). The set stabiliser N@!) = N®! , since there are no addition- 
nal relations which increase it, which means |V (01)! — 3. To find the orbits of N()), we 
conjugate 0,1,2,3 and 4 by NOD . The orbits of NOY are {0} , {1}, {2,3, 4}, {0}, {7}, 


and {2,3,4}. The number of single cosets in the double coset [01] is obtained by dividing 

NI] _ 120 
NOI)! ~ 3 

[01] = Nt, N = {N (tofi)" ne N} = 


{Ntoti, Ntite, Niot1, Ntotg, Niit2, Ntgts, Ntots, Ntots, Ntgto, Ntats, Nigto, Nista, 


= 40. To obtain the single cosets in this double coset: 
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Ntots, Nita, Ntgti, Ntsto, Ntats, Ntgto, Ntito, Ntotz, Ntote, Nt3t1, Ntots, Ntgti, 
Noti, Ntito, Ntitg, Ntit3, Ntote, Ntato, Nigt3, Nigt1, Ntgte, Ntoti, Ntoto, Ntits, 
Nitta, Ntgta, Ntsto, Niato} 


Next, we must take a representative of each orbit of N (92) and apply it to 


Nitot; to determine if it will extend or collapse the Cayley graph: 


Ntot - to = Ntotito. 

This is a new double coset which we will label as [010]. 
Since the orbit of 0 is of length 1, 

one ¢; will extend the Cayley graph from [01} to (010}. 


Nioti -t1 = Nto € 0}. 
Since the orbit of 1 is of length 1, 
one ¢; will collapse the Cayley graph from [01] to [0]. 


Ntoty - te = Ntotite. 

This is a new double coset which we will label as {012]. 
Since the orbit of 2 is of length 3, 

three ¢,’s will extend the Cayley graph from [01] to [012]. 


Ntoti - £9 = Ntotrto € [01]. 
Since the orbit of 0 is of length 1; 
one t; will map the Cayley graph from [01) to [01]. 


Ntot, -& = Néoti € [01]. 
Since the orbit of 1 is of length 1, 
one ¢; will map the Cayley graph from [01] to [01]. 


Nigt, - to = Niotite =. 
Since the orbit of 2 is of length 3, 
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three ¢;’s will map the Cayley graph from [01] to [012}. 


Now we look at the double coset Niptyt2N which we denoted by [012]. To 
obtain the elements in [012] we must first find the point stabiliser of 0,1, and 2, N®!?. 
The point stabiliser consists of permutations in N = Ss, which fix 0,1,2 and permute 
3,4, hence |v | = 1. Since there are no additional relations which would increase these 
permutations, we get that the set stabiliser N(l2) = N®l?, Therefore, |N!)| = 1. To 
find the orbits of N(12) we conjugate 0,1,2,3 and 4 by N@!2) . The orbits of N(12) 
are {0}, {1}, {2}, {3}, {4}, {0}, {1}, {2} , {3}, and {4} . The number of single cosets 
in the double coset [012] is obtained by dividing ae = 40 = 120. To obtain the 
single cosets in this double coset: 


(012] = NtotitaN = {N (totite)” |n ¢ N} = 

{Ntotite, Ntatite, Ntatite, Ntotits, Ntatits, Ntatits, Ntotito, Ntatito, Nigtito, Ntotita, 
Ntotita, Ntgtyta, Ntytot3, Ntatots, Ntgtets, Niytots, Ntotats, Nigtets, Ntgtoti, Ntgteti, 
Ntgtot1, Ntiteto, Nigteto, Ntatato, Ntptite, Ntatite, Ntstite, Niptits, Nigtits, Ntotita, 
Niotyto, Nigtito, Ntgtito, Niotiis, Nigtits, Ntatits, Ntatoty, Ntototi, Ntgtoti, Ntatote, 
Ntgtote, Ntitote, Ntitota, Ntstota, Ntotota, Ntatota, Ntitots, Ntotots, Ntotgta, Ntotsta, 
Ntytgts, Ntotato, Ntitato, Ntatgtp, Ntatgte, Ntitgte, Ntotgte, Ntotsti, Ntatsti, Ntotsti, 
Niytots, Niztota, Ntotets, Ntitets, Niptets, Ntatots, Ntatet,, Ntptoti, Ntgtet,, Ntytato, 
Ntatoto, Nigtoto, Ntatot, Nigtoti, Nigtotr, Ntgtot3, Ntotots, Ntytots, Ntitota, Ntotota, 
Nigtota, Ntgtote, Niigte, Ntstote, Ntatato, Ntitato, Ntatato, Ntgtat1, Ntetatr, Ntotatr, 
Ntotatg, Ntotat3, Ntitat3, Ntgtate, Nigtate, Ntitate, Ntgtats, Niotatz, Ntitats, Ntotato, 
Nitytato, Nigtah, Nigtate, Nivtate, Niptate, Ntotat,, Ntstati, Néotati, Ntotgto, Ntatato, 
Ntyigto, Ntotsta, Ntiigti, Niptat,, Ntotste, Nhitgte, Ntatate, Ntotgti, Niptsti, Ntatati} 
Next, we must take a representative of each orbit of N‘2) and apply it to Ntotit, to 
determine if it will extend or collapse the Cayley graph. 


Niotite + to = Ntotiteto = Ntotite. 
Since the orbit of 0 is of length 1, 
one ¢; will map from [012] to [012]. 
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Niotite - t, = Ntotitet; = Ntot € [01]. 
Since the orbit of 1 is of length 1, 
one ¢; will map from [012] to [01]. 


Niotite «tg = Nigtitete = Ntotite € {012]. 
Since the orbit of 2 is of length 1, 
one t; will map from [012] to [012]. 


Nitotita ts = Nigtitets. 

This is a new double coset which we will label as [0123]. 
Since the orbit of 3 is of length 1, 

one t; will extend the Cayley graph from [012] to [0123]. 


Niotite -t4 = Ntotytots = Nigtitets € [0123]. 
Since the orbit of 4 is of length 1, 
one £; will extend the Cayley graph from [012] to [0123). 


Nitotite - to = Ntotiteto. 

This is a new double coset which we will label as [0126]. 
Since the orbit of 0 is of length one, 

one ¢; will extend the Cayley graph from [012] to [0120]. 


Ntotite - t, = Ntotytet € [012]. 
Since the orbit of 1 is of length one, 
one ¢; will map the Cayley graph from [012] to [012}. 


Nitotite - to = Niotitete = Ntoti € [01]. 
Since the orbit of 3 is of length one, 


one #; will collapse the Cayley graph from [012] to [01]. 


Ntotite + t3 = Niptitets. 


This is a new double coset which we will label as (0123). 
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Since the orbit of 3 is of length one, 
one ¢; will expand the Cayley graph from [012] to [0123]. 


Niotite + t4 = Ntoti tots. 

This is a new double coset which we will label as [0124]. 
Since the orbit of 4 is of length one, 

one t; will expand the Cayley graph from [012] to [0124]. 


Now, we look at the double coset Ntg#t9 which we denoted [010]. To obtain 
the elements in [010] we must first find the point stabiliser of 0 and 1, N°!°. The point 
stabiliser consists of permutations in N = Ss which fix 0,1, and permute 2,3, 4. Hence 
N10 — 9, which means [w m0) = 31 = 6. By relation 3, we know that ttot, = totito. 
Notice that: 

Ntobito (01) = N (tofito)° = Ntyigt: = Ntofito , by relation 3. 

=> Thus, (01) € N09, 

— (010) > Gre (01). 

=> [wot] = 12, 

To find the orbits of N29), we must congujate 0,1,2,3, and 4 by N@!), The orbits 


are {0,1,0,1} and {2,3, 4, 2,3, 4}. The number of single cosets in the double coset [010] 
N 
ls 


coset we apply the permutations in S5: 


is obtained by dividing = 120 = 10. To obtain the single cosets in this double 


[010] = Ntotitp = {N (totito)” jné N} — 
{Ntotito, Ntytot1, Ntotste, Nitstats, Ntatote, Niotsto, Ntgtyta, Niotato, Nitotate, Ntit3t} 


Next, we must take a representative from each orbit of N (010) and apply it to 


Nitotito to determine if it will extend or collapse the Cayley graph. 


Ntoiito - ty = Nigti € [oi]. 
Since the orbit of 6 is of length 4, 
four ¢,’s will collapse the Cayley graph from [010] to [01] 


Ntotito - ta = Ntotitote = Ntotiteto € [0120]. 


99 


Since the orbit of 2 is of length 6, 7 
six t;’s will extend the Cayley graph from [010] to (0120). 


Now, we look at the double coset Ntot;t2N which we denoted [012]. To obtain 
the elements in [012] we must first find the point stabiliser of 0,T and 2, N°l?, The 
point stabiliser consists of permutations in N = Ss which fix 0,1,2 and permute 2, 3, 4. 
Hence [w on) = 1. Since there are no relations that would increase the stabiliser, we get 
that N(12) — N°l2, hence | (2) = 1. To find the orbits of N12), we must congujate 
0,1,2,3, and 4 by N©12). The orbits are {0}, {1}, {2}, {3}, {4}, {0}, {T}, {2}, {3}, and 


{4}. The number of single cosets in the double coset [012] is obtained by dividing 


Ns 10 
Noiz, — “1 


permutations in S35: 
[012] = Niptite = {N (totite)” lneN}= 


120. To obtain the single cosets in this double coset we apply the 


{Ntotite, Ntgtite, Ntatite, Ntstita, Ntatit3, Ntotits, Ntotito, Ntatito, Ntgéito, Nitotit, 
Ntotits, Ntgtits, Ntytotz, Ntgtot3, Ntotets, Ntifota, Ntotets, Ntgtots, Ntgtot, Ntototy 

Ntatot1, Ntitoto, Ntgtato, Ntatoto, Ntotite, Ntatite, Nigtite, Ntotits, Nigtyts, Néotita, 
Ntaotito, Nigtitp, Ntatito, Niptit3, Ntotits, Ntatit3, Ntatoti, Ntototi, Ntgtoti, Ntsiote, 
Ntgtote, Ntyipte, Ntitots, Ntgtota, Ntotots, Ntatots, Ntitots, Ntotots, Ntotst4, Ntotsta, 
Ntitgta, Ntgtgto, Ntitgto, Ntatgto, Ntatgte, Ntyigte, Ntotste, Ntotst1, Ntatgt1, Ntotstz, 
Nijtots, Ntgtata, Ntotets, Ntitots, Ntotets, Ntatots3, Ntgteti, Ntoteti, Nigtati, Ntiteto, 
Nigtgtp, Ntgtato, Ntatoti, Nigtoti, Ntatot:, Ntstots, Ntotots, Ntitots, Ntitota, Ntotota, 
Nigtota, Ntatote, Ntitote, Nigtot2, Ntgtato, Ntitato, Ntotato, Ntgtati, Ntotati, Ntotats, 
Niotat3, Ntgtat3, Ntitats3, Nigtgte, Ntotate, Ntityte, Ntotats, Niptat3, Ntitats, Ntotato, 
Nijtaty, Nigtato, Nigtate, Ntitate, Niotato, Ntgtat,, Nistat:, Niotat, Ntotsto, Ntatsto, 
Niitsto, Ntotst,, Niytsta, Niotsta, Niotste, Ntitate, Ntgtgte, Ntgtgti, Ntotet1, Ntatst,} 


Next, we must take a representative from each orbit of NV (012) and apply it to 


Ntotit2 to determine if it will extend or collapse the Cayley graph. 


Niotitg - to = Ntotyteto = Ntotite € (012). 
Since the orbit of 0 is of length 1, 
one ¢; will map [012] to itself 
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Ntotite - t = Ntotitet; = Ntotite € [012]. 
Since the orbit of 1 is of length 1, 
one ¢; will map from [012] to [012]. 


Ntotite «te = Ntot,t2 = Ntotit. = Niotits € [012]. 
Since the orbit of 2 is of length 1, 
one ¢; will map [012] to[012] 


Niotite - t3 = Ntotitetz = Ntotitets € (0123). 
Since the orbit of 3 is of length 1, 
one ¢; will map from [012] to [0123]. 


Niotite -t4 = Ntotiteta = Niotitots € [0124]. 
Since the orbit of 4 is of length 1, 
one ¢; will map from [012] to [0124]. 


Ntotite -f = Ntotitety € [0120]. 
Since the orbit of 0 is of length 1, 
one t; will map [012] to [0120] 


Ntotite +t, = Ntotiteti = Ntotiteto € (0120). 
Since the orbit of I is of length 1, 
one t; will map from [012] to {0120}. 


Nipotite -te = Ntoti (tote) = Ntot; € (01). 
Since the orbit of 2 is of length 1, 
one ¢; will map [012] to[01] 


Ntotits - tg = Ntotitets € [0123]. 
Since the orbit of 3 is of length 1, 
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one ¢; will map from [012] to (0123). 


Ntotite-t4 = Ntoti tots € (0124). 
Since the orbit of 4 is of length 1, 
one t; will map from [012] to [0124]. 


Now we look at the double coset Ntotitgt3N which we denoted by [0123]. To 
obtain the elements in [0123] we must first find the point stabiliser of 0,1,2, and 3, 
N° 23. The point stabiliser consists of permutations in N = Ss, which fix 0,1,2,3 and 
permute 4, hence [NeMs = 1. Since there are no additional relations which would 
increase these permutations, we get that the set stabiliser N(123) = N°23, Therefore, 
|v (0123)| —= 1. To find the orbits of N@!?4) we conjugate 0,1,2,3 and 4 by N©!?3) _ The 
orbits of N19) are {0}, {1}, {2}, {3}, {4}, {0}, {1}, {2}, {3}, and {4} . The number 
of single cosets in the double coset [0123] is obtained by dividing [wor = 1) = 120. 
To obtain the single cosets in this double coset we apply the permutations in Ss, as 
done in the previous double cosets: 


[0123] = NigtitotsN = {N (totitet3)” Ine N} 


Next, we must take a representative of each orbit of N(©123) and apply it to 


Ntotitet3 to determine if it will extend or collapse the Cayley graph. 


Ntotytatg - to = Niotitotsto. 

This is a new double coset which we will label as [01230]. 
Since the orbit of 0 is of length 1, 

one ¢; will map from [0123] to [01230]. 


Niptitets -t) = Ntotytot, € [0124]. 
Since the orbit of 1 is of length 1, 
one ¢; will map from [0123] to [0124]. 


Niotytots -to = Ntotytetgte = Niotyte € (012). 
Since the orbit of 2 is of length 1, 


one ¢; will map from [0123] to [012]. 


Ntotitets -t3 = Ntotitets; € [0123]. 
Since the orbit of 3 is of length 1, 
one ¢; will map from [0123] to [0123]. 


Ntotitats - ta = Ntotitatgta. 

This is a new double coset which we will label as [01234]. 
Since the orbit of 4 is of length 1, 

one t¢; will extend the Cayley graph from [0123] to [01234]. 


Niotitets - tp = Ntotitots € [0123]. 
Since the orbit of 0 is of length one, 
one ¢; will map the Cayley graph from [0123] to [0123]. 


Ntoti tots - #1: = Ntotitetsto € [01230}. 
Since the orbit of I is of length one, 
one ¢; will map the Cayley graph from [0123] to (01230). 


Notice that there are now two things which expand the Cayley graph 
from [0123] to [01230] 


Ntotitats - f2 = Ntotitot, € [0124]. 
Since the orbit of 2 is of length one, 
one ¢; will collapse the Cayley graph from [012] to [01]. 


Nitotitets #3 = Ntotite € [012]. 
Since the orbit of 3 is of length one, 
one ¢; will collapse the Cayley graph from [0123] to [012]. 


Ntotitots -t4 = Ntotitetsta. 
This is a new double coset which we will label as [01234]. 


102 


103 


Since the orbit of 4 is of length one, 
one ¢; will expand the Cayley graph from [0123] to [01234]. 


Now we look at the double coset Ntotitet3 which we denoted by (0123). To 
obtain the elements in (0123], we must first find the point stabiliser of 0,1,2, and 3, 
N®23_ The point stabiliser consists of permutations in N = Ss, which fix 0,1,2,3 and 
permute 4, hence |N ne = 1. Since there are no additional relations which would 
increase these permutations, we get that the set stabiliser N(0125) = N°l23_ Therefore, 
lw 120) = 1. To find the orbits of N(@123) we conjugate 0,1,2,3 and 4 by N@223) | The 
orbits of N23) are {0} , {1} , {2}, {3}, {4}, {0}, {1} , {2}, {3}, and {4} . The number 
of single cosets in the double coset [0123] is obtained by dividing a = 20 = 120. 


To obtain the single cosets in this double coset we apply the permutations in Ss: 
[0123] = NtotitetzN = {N (totitats)” jn € N} 


Next, we must take a representative of each orbit of N(©!28) and apply it to 


Ntotitet3 to determine if it will extend or collapse the Cayley graph. 


Ntotytot3 + to = Ntotitatsto. 

This is a new double coset which we will label as [01230]. 
Since the orbit of 0 is of length 1, 

one t; will map from [0123] to [01230]. 


Ntotitots - ti = Ntotitets € [0123]. 
Since the orbit of 1 is of length 1, 
one t; will map from [0123] to {0123}. 


Ntotitots - to = Ntotitotste. 

This is a new double coset which we will label as [01232]. 
Since the orbit of 2 is of length 1, 

one ¢; will extend the Cayley graph from [0123] to [01232]. 


Ntotitots - tg = Niotite € [012]. 
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Since the orbit of 3 is of length 1, 
one ¢; will map from [0123] to [012}. 


Nitotitats - tq = Ntotytatsta. 

This is a new double coset which we will label as [01234]. 
Since the orbit of 4 is of length 1, 

one ¢; will extend the Cayley graph from [0123] to [01234]. 


Ntotitets «fo = Niptytets € (0123). 

Since the orbit of 0 is of length one, 

one ¢; will map the Cayley graph from [0123] to {0123}. 

Notice that there are now two t;’s which map the Cayley graph 
from [0123] to [0123]. 


Ntotitats +t, = Ntotite-€ [012]. 
Since the orbit of I is of length one, 
one t; will map the Cayley graph from [0123] to [012]. 


Niotitats - tg = Niotitets € {0123}. 
Since the orbit of 2 is of length one, 
one ¢; will map the Cayley graph from (0123] to [0123] 


Ntotitets - 3 = Ntotitets € [(0123}. 
Since the orbit of 3 is of length one, 
one ¢; will map the Cayley graph from [0123] to [0123] 


Niotitats -t4 = Ntottotgt, € [01234]. 
Since the orbit of 4 is of length one, 
one t; will map the Cayley graph from [0123] to [01234]. 


Now we look at the double coset Nigtitat4N which we denoted by [0124]. To 
obtain the elements in [0124], we must first find the point stabiliser of 0,1,2, and 4, 
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N°124. The point stabiliser consists of permutations in N = Ss, which fix 0,1,2,4 and 
permute 3, hence Iw a0 = 1. Since there are no additional relations which would 
increase these permutations, we get that the set stabiliser N24) = N24, Therefore, 
\N (0124)| — 1. To find the orbits of N(°!24) we conjugate 0,1, 2,3 and 4 by N(124) | The 
orbits of N(!24) are {0}, {1}, {2}, {3}, {4}, (OF, {1}, {2}, {3}, and {4} . The number 
of single cosets in the double coset [0124] is obtained by dividing wiuay = io = 120. 
To obtain the single cosets in this double coset we apply the permutations in Ss: 
[0124] = NtotytetaN = {N (totitets)” ln € N} 

Next, we must take a representative of each orbit of N(124) and apply it to 


Ntotitet, to determine if it will extend or collapse the Cayley graph. 


Ntotitots >to = Niotitotato. 

This is a new double coset which we will label as [01240]. 
Since the orbit of 0 is of length 1, 

one t; will expand the cayley graph from [0124] to [01240]. 


Niotitota + ti = Ntotitets € [0124]. 
Since the orbit of 1 is of length 1, 
one ¢; will map from [0124] to j0124]. 


Ntotitet, «tg = Ntotitetste € [01232]. 
Since the orbit of 2 is of length 1, 
one t; will map from [0124] to {01232}. 


Ntotitot, - tg = Ntotitetats. 

This is a new double coset which we will label as [01243] 
Since the orbit of 3 is of length 1, 

one ¢; will expand the cayley graph from [0124] to (01243). 


Ntotitet, -ta = Ntotite € [012]. 
Since the orbit of 4 is of length 1, 
one #; will collapse the Cayley graph from [0124] to [012]. 
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Ntotitets - tp = Ntotitats € [0124]. 

Since the orbit of 0 is of length one, 

one t; will map from [0124] to [0124]. 

Notice that there are now two ¢;’s which will map 
from [0124] to [0124]. 


Ntotitata -t = Ntotite € [012]. 
Since the orbit of 1 is of length one, 
one t; will collapse the Cayley graph from [0124] to [012]. 


Ntotytet, - fo = Ntotitot, € (0124). 
Since the orbit: of 2 is of length one, 
one t; will map from [0124] to [0124] 


Ntotitets -t3 = Ntotitetsts € [01234]. 


Since the orbit of 3 is of length one, 
one ¢; will expand the Cayley graph from [0124] to [01234]. 


Ntotitats ‘ t4 = Ntotitets = Ntotitets € [0123]. 
Since the orbit of 4 is of length one, 
one ¢; will map from (0124] to [0123]. 


Now we look at the double coset NtotitetaN which we denoted by [0120]. To 
obtain the elements in [0120], we must first find the point stabiliser of 0,1,2, and 0, 
N°120, The point stabiliser consists of permutations in N = Ss, which fix 0,1,2,0 and 
permute 3.4, hence [N aut) = 2. Since there are no additional relations which would 
increase these permutations, we get that the set stabiliser N‘120) — Ny°l20_ Therefore, 
IN nap) = 2. To find the orbits of N29) we conjugate 0, 1,2,3 and 4 by N20) . The 
orbits of N20) are {0,2}, {1}, {3,4}, {0,3} , {1}, and {3,4} . The number of single 


cosets in the double coset [0120] is obtained by dividing Tice = 120 — 60. To obtain 
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the single cosets in this double coset we apply the permutations in S;: 
(0120} = Ntotitetp>N = {N (totitety)” ln Ee N} 
Next, we must take a representative of each orbit of N(°!20) and apply it to 


Niptitetp to determine if it will extend or collapse the Cayley graph. 


Niotiteto - to = Ntotite € [012]. 
Since the orbit of 0 is of length two, 
two t;’s will collapse the cayley graph from [0120] to {012]. 


Ntotiteto -t1 = Ntotitety € (0120). 
Since the orbit of 1 is of length one, 
one t; will map from [0120] to [0120]. 


Ntotitaty : tg = Ntotitetste € [01232]. 
Since the orbit of 3 is of length two, 
two t; ’s will expand the cayley graph from [0120] to (01232). 


Ntotitot - to = Ntotiteto = Ntotite € (012). 
Since the orbit of 0 is of length two, 
two t; ’s will collapse the cayley graph from [0120] to [012]. 


Ntotiteto -t1 = Ntotito € [OT0). 
Since the orbit of I is of length one, 
one t; will collapse the Cayley graph from [0120] to [010]. 


Ntotiteto ‘ t3 = Ntotiftotgty € [01230]. 
Since the orbit of 3 is of length two, 
two t; ’s will expand the Cayley graph from {0120] to [01230]. 


Now we look at the double coset Ntofitet3N which we denoted by [0123]. To 
obtain the elements in [0123], we must first find the point stabiliser of 0,1,2, and 3, 


N°123_ The point stabiliser consists of permutations in N = Ss, which fix 0,1,2,3 and 
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permute 4, hence | 0128 = 1, Since there are no additional relations which would 
increase these permutations, we get that the set stabiliser N(123) — N°123_ Therefore, 
jrv(0%28)| = 1. To find the orbits of N123) we conjugate 0,1,2,3 and 4 by N23). The 
orbits of Nl3) are {0}, {1} {2}, {3}, {4} {0}, {1}, {2}, {3} and {2}. The number 
of single cosets in the double coset [0123] is obtained by dividing [rors] = 120 = 120. 
To obtain the single cosets in this double coset we apply the permutations in S5: 
[0123] = NiotitetsN = {N (totitets)” jn € N} 

Next, we must take a representative of each orbit of N (0123) and apply it to 


Ntotitot3 to determine if it will extend or collapse the Cayley graph. 


Nioti tots - to = Ntotitetsto. 

This is a new double coset which we will label as [01230]. 
Since the orbit of 0 is of length one, 

one ¢; will expand the cayley graph from [0123] to [01230]. 


Ntoti tots -t1 = Ntotitotsto € (01230). 
Since the orbit. of 1 is of length one, 
one ¢; will map from [0123] to [01230]. 


Ntotitot3 - te = Ntotitatzig € {01230]. 
Since the orbit of 2 is of length one, 
one ¢; will expand the cayley graph from [0123] to [01230] 


Ntotitet3 -t3 = Nipgtite € (012). 
Since the orbit of 3 is of length one, 
one t; will expand the cayley graph from [0123] to (012). 


Nitotitot3 - ta = Ntotitotsta. 

This is a new double coset which we will label as [01234]. 
Since the orbit of 4 is of length one, 

one ¢; will expand the cayley graph from [0123] to [01234] 
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Ntotitots - tp = Ntotitets € (0124). 
Since the orbit of 0 is of length one, 
one ¢; will map from [0123] to [0124]. 


Ntotitets - =; = Ntotitets € [0123]. 
Since the orbit of 1 is of length one, 
one ¢; will map from [0123] to [0123]. 


Niotitets - t2 = Niotitets € {0123}. 
Since the orbit of 2 is of length one, 
one ¢; will map from [0123] to [0123} 


Ntotitats -t3 = Ntotitots € [0123]. 

Since the orbit of 3 is of length one, 

one ¢; will map from [0123] to (0123). 

Now, two things will map from [0123] to [0123]. 


Nitotytot3 - t4 = Ntotitotat; € [01243]. 
Since the orbit of 4 is of length one, 
one t; will expand the cayley graph from [0123] to [01243] 


Now we look at the double coset Ntotitat,N which we denoted by [0124]. To 
obtain the elements in [0124], we must first find the point stabiliser of 0,1,2, and 4, 
N°24 The point stabiliser consists of permutations in N = Ss, which fix 0,1, 2,4 and 
permute 3, hence aot) = 1. Since there are no additional relations which would 
increase these permutations, we get that the set stabiliser NV (0124) _ py0l24 Therefore, 
[Nv (0124)! — 1. To find the orbits of N@!24) we conjugate 0,1,2,3 and 4 by N(!24) | The 
orbits of N(124) are {0}, {1}, {2}, {3}, {4} , {0} , {1}, {2}, {3} and {4} . The number 
of single cosets in the double coset [0124] is obtained by dividing wera = 20 — 120. 
To obtain the single cosets in this double coset we apply the permutations in Ss: 
[0124] = Néptytot,zN = {N (totitats)” |n € N} 


Next, we must take a representative of each orbit of N(€!?4) and apply it to 
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Ntotfitet, to determine if it will extend or collapse the Cayley graph. 


Niotiteta + to = Ntotitetsto € [01230]. 
Since the orbit of 0 is of length one, 
one t; will expand the cayley graph from [0124] to (01230). 


Ntotitots -t, = Ntotytotaty € [01240]. 
Since the orbit of 1 is of length one, 
one ¢; will map from [0124] to [01240]. 


Ntotitots - to = Ntotitatsty € [01230]. 
Since the orbit of 2 is of length one, 
one ¢; will expand the cayley graph from [0124] to [01230] 


Ntolitots -t3 = Ntotitetats 

This is a new double coset which we will label as [01243] 
Since the orbit of 3 is of length one, 

one ¢; will expand the cayley graph from [0124] to [01243]. 


Niotiteta - t4 = Ntotite € (012). 
Since the orbit of 4 is of length one, 
one t; will collapse the cayley graph from [0124] to [012] 


Ntotitets - to = Ntotitets € (0123). 
Since the orbit of 0 is of length one, 
one ¢; will map from [0124] to [0123]. 


Niotitets -t, = Ntotitets € [0124]. 
Since the orbit of I is of length one, 


one ¢; will map from [0124] to [0124]. 


Ntotitota -to = Ntotitots € (0123). 
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Since the orbit of 2 is of length one, 
one t; will map from [0124] to [0123] 


Ntot tots tg = Ntotitatgta € [01234]. 
Since the orbit of 3 is of length one, 
one ¢; will map from [0124] to [01234]. 


Ntotitata -t4 = Ntotitots € [0124]. 

Since the orbit of 4 is of length one, 

one t; will map from [0124] to [0124] 

Now, two things will map from [0124] to [0124]. 


Now we look at the double coset Ntoé1tat0V which we denoted by [0120]. To 
obtain the elements in [0120], we must first find the point stabiliser of 0,1,2, and 0, 
N20. The point stabiliser consists of permutations in N = Ss, which fix 0,1, 2,0 and 
permute 3,4, hence |w na = 2, 
Take the relation tot; = t,t 9 and conjugate it by (11) € N to get 
(tot )O = (t1tp)) > tof = tito 
Now, multiply on the right by te: 
=> totite = titote 
Multiply on the right by Zo 
=> totiteto = trtoteto 
=> Ntotitetp = Niitoteto. 
Now, take the relation tot, = tjt9 and conjugate it by (01) (12)EN. 
(tty) CV G2 — (tyt9) ONO = Eto = toh. 
Multiply on the left by tg 
=> totite = totett. 
Multiply on the right by zo 
=> totiteto = totetito 
=> Nigtiteto = Ntotetito. 
Let (021) be a permutation in N. 
Ntotitotp©?)) = Ntotohiio. If we conjugate the relation tot; = tito by (12) € N, we get 
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tote = toto . 
=> Nigtotito = Niotetity but Nétptitety = Ntotetito 
=> Ntototits = Niotiteto 
Now, (021) € N(0220) | 
So, (0120) > ((021) Noi) | N(o)| =o 
To find the orbits of N(€120) we conjugate 0,1,2,3 and 4 by N (0120) ‘The orbits of 
N(0120) are {0,2,1,0, 1,3} , {3,4}, and {4,3}.The number of single cosets in the double 
coset [0120] is obtained by dividing Oey = 120 — 20. To obtain the single cosets in 
this double coset we apply the permutations in Ss: 
[0120] = NtotitetaN = {N (totiteto)” |n € N} 
Next, we must take a representative of each orbit of N (0120) and apply it to 


Niotitotp to determine if it will extend or collapse the Cayley graph. 


Niottato «to = Ntotite € [012]. 
Since the orbit of 0 is of length six, 
six t;’s will collapse the cayley graph from [0120] to [012]. 


Ntotitato «tg = Ntotytetgto € [01240] 
Since the orbit of 3 is of length two, 
two ¢; ’s will expand the cayley graph from [0120] to {01240]. 


Nitotitato -t4 = Ntotitatgto E [01230]. 
Since the orbit of 4 is of length two, 
two t; ’s will expand the cayley graph from [0120] to [01230] 


Now we look at the double coset NiotitetgtpN which we denoted by {01230}. 
To obtain the elements in [01230], we must first find the point stabiliser of 0,1,2, and 
3, N°230. The point stabiliser consists of permutations in N = Ss, which fix 0,1, 2,3 
and permute 4, hence | N°!#8°| = 1. Since there are no additional relations which would 
increase these permutations, we obtain that the set stabiliser N(01230) — N1230, and 
so |.N(01230)| — 1., To find the orbits of N19) we conjugate 0,1, 2,3, 4,0, 1,2,3, and 
4 by N(1280) | The orbits of N(123°) are {0}, {1}, {2}, {3}, {4}, {0}, {1}, {2}, 3}, 
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and {4}.The number of single cosets in the double coset [01230] is obtained by dividing 
[ras] = 10 = 120. To obtain the single cosets in this double coset we apply the 
permutations in Ss: 
[01230] = NtotitetstoN = {N (totitetsto)” In € N} 

Next, we must take a representative of each orbit of N1!239) and apply it to 


Ntotitet3tp to determine if it will extend or collapse the Cayley graph. 


Ntotitatsto «tp = Niotytotsty = Ntotitets € (0123}. 
Since the orbit of 0 is of length one, 
one ¢; will collapse the cayley graph from [01230] to [0123]. 


Ntotytotgto -t1 = Ntotytet3toty. 

This is a new double coset which we will label as [012301]. 
Since the orbit of 1 is of length one, 

one t; will expand the cayley graph from [01230] to [012301]. 


Niotitetgto - tg = Ntotytets € [0124]. 
Since the orbit of 2 is of length one, 
one ¢; will collapse the cayley graph from [01230] to [0124]. 


Nigtitotzto - tg = Ntotiteto € [0120]. 
Since the orbit of 3 is of length one, 
one ¢; will collapse the cayley graph from [01230] to [0120]. 


Niotitotsto + t4 = Ntotitotatota. 

This is a new double coset which we will label as [012304] 
Since the orbit of 4 is of length one, 

one ¢; will expand the cayley graph from [01230] to [012304]. 


Ntotitatsto - tp = Ntotitets € (0123). 
Since the orbit of 0 is of length one, 
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one ¢; will collapse the cayley graph from [01230] to [0123] 


Nigtitoteto - t1 = Ntotitetstp € [01230]. 
Since the orbit of 1 is of length one, 


one t; will map the cayley graph from [01230] to [01230]. 


Ntotitotgty - to = Ntotitets € (0123). 

Since the orbit of 2 is of length one, 

one £; will collapse the cayley graph from [01230] to [0123]. 
Now there are two things that collapse the cayley graph 
from [01230] to [0123]. 


Niotitotgto - t3 = Ntotitetste € [01232]. 
Since the orbit of 3 is of length one, 
one ¢; will map the cayley graph from [01230] to [01232]. 


Niotitatgto - t4 = Ntotitatgtota € [012304]. 

This is a new double coset which we will label as [012304] 
Since the orbit of 4 is of length one, 

one ¢; will expand the cayley graph from [01230] to [012304]. 


Now we look at the double coset NtgtitetstaN which we denoted by [01234]. 


To obtain the elements in [01234], we must first find the point stabiliser of 0,1, 2,3 and 
4, N°234_ The point stabiliser consists of permutations in N = Ss, which fix 0, 1, 2,3, 4, 


hence |N°1254| — 1, Since there are no additional relations which would increase these 
permutations, we obtain that the set stabiliser N(01234) — N1234, and so |N(01254)| — 1, 
To find the orbits of N34) we conjugate 0,1,2,3,4,0, 1, 2,3, and 4 by N@!?84) | The 
orbits of N(©1284) are {0}, {1} , {2}, {3}, {4}, {0}, {1} , {2} , {3}, and {4}. The number 
of single cosets in the double coset [01234] is obtained by dividing 4, = 42 = 120. 


To obtain the single cosets in this double coset we apply the permutations in S;: 
[01234] = NtotitotstaN = {IN (totitatats)" |n € N}. 


Next, we must take a representative of each orbit of N(©!234) and apply it to 
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Niptitetgta to determine if it will extend or collapse the Cayley graph. 


Niotitatgta + to = Ntotitetst, € (01234). 
Since the orbit of 0 is of length one, 
one ¢; will collapse the cayley graph from [01234] to [01234]. 


Ntotitetgt, - t1 = Ntotitetgtots € [012304] 
Since the orbit of 1 is of length one, 
one ¢; will expand the cayley graph from [01234] to [012304]. 


Ntotitetst4 - te = Ntotytetats € [01243]. 
Since the orbit of 2 is of length one, 
one t; will collapse the cayley graph from [01234] to [01243]. 


Nipotitotsts -t3 = Nitotitota € [0124]. 
Since the orbit of 3 is of length one, 
one t; will collapse the cayley graph from [01234] to [0124]. 


Ntotitatata -t4 = Niotitetgta. 
Since the orbit of 4 is of length one, 
one ¢; will map the cayley graph from [01234] to [01234]. 


Niotytotgt4 -% = Ntotitotatabo. 

This is a new double coset which we will label as [012340] 
Since the orbit of 0 is of length one, 

one #; will expand the cayley graph from [01234] to [012340] 


Ntotitatgt, -t, = Niotitetats € [01243]. 
Since the orbit of 1 is of length one, 


one ¢; will map the cayley graph from [01234] to (01243). 


Niotitotgt, - to = Ntotitots3tot, € [012304]. 
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Since the orbit of 2 is of length one, 
one ¢; will collapse the cayley graph from [01234] to [012304]. 


Niotitotgta -t3 = Ntotitetats € [01243]. 

Since the orbit of 3 is of length one, 

one ¢; will map the cayley graph from [01234] to [01243]. 
Now there are two things that map the cayley graph 
from [01234] to [01243}. 


Ntotitotsta - t4 = Ntotitots € [0123]. 
Since the orbit of 4 is of length one, 
one ¢; will collapse the cayley graph from [01234] to [0123] 


Now we look at the double coset Ntotitet3t4N which we denoted by [01234]. 
To obtain the elements in [01234], we must first find the point stabiliser of 0,1, 2,3 and 
4, N°1234_ The point stabiliser consists of permutations in N = $5, which fix 0, 1, 2,3, 
and permute 4 hence [N ee = 1. Since there are no additional relations which would 
increase these permutations, we obtain that the set stabiliser N(01234) — )yol234 
N(01234)) _ 1. To find the orbits of N(!234) we conjugate 0,1, 2,3, 4,0, 1,3,3, and 4 
by N(©1234) | The orbits of N(!234) are {0}, {1}, {2}, {3}, {4}, {0}, {1}, {2}, {3}, and 


{4}. The number of single cosets in the double coset [01234] is obtained by dividing 


IN] ___ 120 
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permutations in S5: 
[01234] = Ntotitetst4N = {N (totitetsta)” ln E€ N}. 


Next, we must take a representative of each orbit of N12#4) and apply it to 


, and so 


= 120. To obtain the single cosets.in this double coset we apply the 


Niotitot3t4 to determine if it will extend or collapse the Cayley graph. 
Ntotitetsts - to = Ntotitetsts € [01284]. 
Since the orbit of 0 is of length one, 


one t; will collapse the cayley graph from [01234] to [01234]. 


Ntotitotsta -t1 = Ntotitetatati 


This is a new double coset which we will label as [012341] 
Since the orbit of 1 is of length one, 
one ¢; will expand the cayley graph from [01234] to [012341] 


Niptitetst, -to = Niotitotsta € [01234]. 
‘ Since the orbit of 2 is of length one, 
one t; will map the cayley graph from [01234] to [01234]. 


Ntotitetst4 -t3 = Ntotitetstots € [012304]. 
Since the orbit. of 3 is of length one, 
one ¢; will expand the cayley graph from {01234] to [012304]. 


Ntotitetsts - tg = Ntotitets € (0123). 
Since the orbit of 4 is of length one, 
one ¢; will collapse the cayley graph from [01234] to [0123]. 


Ntotitotgt, -to = Niotitetgtota. 
Since the orbit of 0 is of length one, 
one t; will expand the cayley graph from [01234] to [012304] 


Ntotitetst, - = Ntotitetats € [01243]. 
Since the orbit of I is of length one, 
one ¢; will map the cayley graph from [01234] to [01243]. 


Niotitotst, - t2 = Ntotitets € [0123]. 

Since the orbit of 2 is of length one, 

one ¢; will collapse the cayley graph from [01234] to (0123). 
Ntotitotst, -t3 = Ntotitefsta € [01234]. 

Since the orbit of 3 is of length one, 

one ¢; will map the cayley graph from [01234} to [01234]. 
Now there are two things that map the cayley graph 
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from [01234] to [01234). 


Niotitatgt, -t4 = Ntotrtetgta € [01234]. 
Since the orbit of 4 is of length one, 
one ¢; will collapse the cayley graph from [01234] to [01234]. 


Now we look at the double coset Nitgtit2t3taN which we denoted by [01230]. 
To obtain the elements in [01230], we must first find the point stabiliser of 0,1, 2, 
and 3, N%230. The point stabiliser consists of permutations in N = Ss, which fix 
0,1,2,3, and permutes 4 hence Feed = 1. Using magma, we obtain the relation 
01230 ~ 31023 ~ 21802. Using thiese relations, we can obtain the elements in the set 
stabiliser. The first relation 01230 ~ 31023 can be represented as a permutation in Ss, 
this permutaion is (032) (032). If we conjugate Nigtitetsto by (032) (032) , we obtain 
N (totataEgtp) 32) ©) — Negtytofats, but the relation tells us that 31023 ~ 01230 
=> Nigtiiotets = Ntotitetsto 
=> (032) (082) € .N(01230) 
So, N(01250) > ( (032) (033) , N01280) is | ee) oe 
To find the orbits of N(02230) we conjugate 0, 1, 2,3, 4,0, 1, 2,3, and 4 by N(!78°) | The 
orbits of N(1259) are {0,3, 2}, {1}, {4}, (0,3, 2}, {I}, and {4}. The number of single 
cosets in the double coset [01230] is obtained by dividing atin) = 20 = 40. To 
obtain the single cosets in this double coset we apply the permutations in 95: 
[01230] = NiotitatstaN = {N (totitetsto)” |n € N}. 

Next, we must take a representative of each orbit of N(1230) and apply it to 


Nitotitat3tp to determine if it will extend or collapse the Cayley graph. 


Niotitetsto - to = Ntotitotsto = Ntotitets € [0123]. 
Since the orbit of 0 is of length three, 
three ¢; ’s will collapse the cayley graph from [01230] to [0123]. 


Niotitetsto -h= Ntotitoto € [0120]. 
Since the orbit of 1 is of length one, 
one ¢; will collapse the cayley graph from [01230] to [0120]. 
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Niptitetsto - ta = Ntotitetstaty € [012341]. 
Since the orbit of 4 is of length one, 
one t; will expand the cayley graph from [01230] to [012341]. 


Ntpotitatsto - to = Ntotitets € [0123]. 
Since the orbit of 0 is of length three, 
three t; will collapse the cayley graph from [01280] to (0123). 


Ntotitotaty - t, = Ntotitetato € [01240]. 
Since the orbit of 1 is of length one, 
one ¢; will map the cayley graph from [01230] to [01240]. 


Ntotitotsto - ta = Ntotitotstota 

This is a new double coset which we will label as [012304] 
Since the orbit of 4 is of length one, 

one t; will expand the cayley graph from [01230} to [012304]. 


Now we look at the double coset Ntgtite#3t2N which we denoted by (01232). 
To obtain the elements in [01232], we must first find the point stabiliser of 0, 1,2, 
and 3, N°282, The point stabiliser consists of permutations in N = Ss, which fix 
0,1,2,3, and permutes 4 hence [wv a = 1. Using magma, we obtain the relation 
01232 ~ 10232. Using these relations, we can obtain the elements in the set sta- 
biliser. This relation can be represented as a permutation in $5, this permutaion is 
(O1) (10) (22) (33) (44). If we conjugate Ntotitgé3t2 by (01) (10) (22) (33) (44), we ob- 
tain N (toty tofgt,) ODO (22}(88)(44). _ Niytotetgte, but the relation tells us that 10232 ~ 
01232 
=> Niriptetst2 = Ntotitetste 
=> (01) (10) (22) (33) (44) © Nv (01282) 
So, N(01282) > ((01) (10) (23) (33) (44) Ao => pv (o1282) —2. To find the orbits 
of N(1282) we conjugate 0, 1, 2,3,4,0, 1, 2,3, and 4 by N(2282) | The orbits of N(01282) 
are {0,1}, {1,0}, {2,2}, {3,3}, and {4,4}. The number of single cosets in the double 
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coset [01232] is obtained by dividing tn = 20 = 60. To obtain the single cosets 
in this double coset we apply the permutations in 55: 
[01232] = NtotitotsteN = {N (totitotste)” |n € N}. 

Next, we must take a representative of each orbit of NV (01232) and apply it to 


Ntotitet3t2 to determine if it will extend or collapse the Cayley graph. 


Ntotitatgte + to = Ntotitatato € (01230). 
Since the orbit of 0 is of length two, 
two t,’s will map the cayley graph from [01232] to [01230]. 


Ntotitotste - t, = Ntotitefp € (0120). 
Since the orbit of 1 is of length two, 
two ¢,’s will collapse the cayley graph from [01232] to (0120). 


Ntotytatste «te = Ntotitets € [0123]. 
Since the orbit of 2 is of length two, 
two #,’s will collapse the cayley graph from [01282] to [0123]. 


Ntotitotste ‘tg = Ntotitata E (0124). 
Since the orbit of 3 is of length two, 
two t,’s will collapse the cayley graph from [01232] to [0124]. 


Nipotitatgte ta = Ntotitetgtota € [012304]. 
Since the orbit of 4 is of length one, 
one t; will expand the cayley graph from [01232] to [012304]. 


Now we look at the double coset NtgtitetgtaN which we denoted by [01234]. 
To obtain the elements in [01234], we must first find the point stabiliser of 0,1, 2, 
and 3, N°1234. The point stabiliser consists of permutations in N = $5, which fix 
0,1,2,3, and 4 hence lw | = 1. Since there are no additional relations which would 
increase these permutaions, we get that the set stabiliser N(01254) — N234 | Therefore, 


|av1o1284)| = 1.To find the orbits of N1234) we conjugate 0,1,2,3,4,0,1,2,3, and 4 
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by N(1234) | The orbits of N1284) are {0}, {1} , {2}, {3}, {4}, {0} {1}, {2}, {3}, and 
{4}. The number of single cosets in the double coset [01234] is obtained by dividing 
rena = 10 = 120. To obtain the single cosets in this double coset we apply the 
permutations in Ss: 
[01234] = NiotitetstaN = {N (totitetsts)” ln € N}. 

Next, we must take a representative of each orbit of N (01234) and apply it to 


Niotitetzt4 to determine if it will extend or collapse the Cayley graph. 


Niotytotzta - to = Ntotitetsts € [01234]. 
Since the orbit of 0 is of length one, 
one ¢; will map the cayley graph from [01234] to [01234]. 


Ntotitotsta -t1 = Ntotitets € [0124]. 
Since the orbit of 1 is of length one, 


one ¢; will collapse the cayley graph from [01234] to [0124]. 


Ntotytotgt, «te = Ntotitetsts € [01234]. 
Since the orbit of 2 is of length one, 
one t; will map the cayley graph from [01234] to itself, [01234]. 


Niotitotzta - t3 = Niotitetst, € [01234]. 
Since the orbit of 3 is of length one, 
one ¢; will map the cayley graph from [01234] to [01234]. 


Niotitetsta - ta = Netotitetst, & [01234]. 

Since the orbit of 4 is of length one, 

one t; will map the cayley graph from [01234] to [01234]. 
Now we have two ¢;’s that will map the cayley graph 
from [01234] to [01234]. 


Ntotitotgta -t = Ntotitetstato. 
This is a new double coset which we will label as [012340]. 
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Since the orbit of 0 is of length one, 
one t; will extend the cayley graph from [01234] to [012340]. 


Ntotitotats - t = Ntotitotat3 € (01243). 
Since the orbit of 1 is of length one, 
one ¢; will map the cayley graph from [01234] to [01243]. 


Ntotitatgt,  t2 = Ntotitatatate. 

This is a new double coset which we will label as [012342}. 
Since the orbit of 2 is of length one, 

one t; will extend the cayley graph from [01234] to [012343]. 


Ntotitotsta - t3 = Ntotitetstota € [012304], 
Since the orbit of 3 is of length one, 
one t; will extend the cayley graph from [01234] to [012304]. 


Ntotitotata - i, = Ntotitots € [0123]. 
Since the orbit of 4 is of length one, 
one ¢; will collapse the cayley graph from [01234] to [0123]. 


Now we look at the double coset Ntotitotgto.N which we denoted by [01240]. 
To obtain the elements in [01240], we must first find the point stabiliser of 0,1, 2, 
and 4, N°1240. The point stabiliser consists of permutations in N = Ss, which fix 


N aa = 1. Using magma, we obtain the relations 


0,1,2,4 and permute 3, hence | 
01240 ~ 41024 ~ 21402. Using these relations, we can obtain the elements in the set 
stabiliser. These relations can be represented as permutations in S;. These permutaions 
are (042) (042) and (024) (024). If we conjugate Nigtytotyto by (042) (042) we obtain 
N (tots tafaty) (04242). = Nitatitotets, but the relation tells us that 41024 ~ 01240 

=> Ntgtitotets = Ntotitatato 

=> (042) (042) € (01240) 

So, N(01240) > ( (042) (G48) , N1240, [rv(or0)| = 3. To find the orbits of N(1240) we 


conjugate 0,1, 2,3 and 4 by N(1240) | The orbits of N(1240) are {0,2, 4}, {1} , {3}, (0, 2, 4}, 
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{i}, and {3} . The number of single cosets in the double coset [01240] is obtained by 


IN] __ __ 120 
W(01240)/ “3 


the permutations in Sx: 
[01240] = NtotitetatoN = {N (totitatato)” Jne N} 


Next, we must take a representative of each orbit of N(1249) and apply it to 


dividing = 40. To obtain the single cosets in this double coset we apply 


Ntotitetato to determine if it will extend or collapse the Cayley graph. 


Ntotrtotaty «to = Ntotitets € [0124] 
Since the orbit of 0 is of length three, 
three ¢,’s collapse the cayley graph from [01240] to [0124] 


Niotitatato - t1 = Ntotitety € (0120). 
Since the orbit of 1 is of length one, 
one ¢; will map from [01240] to [0120]. 


Niotitotato - tg = Ntotitatgtato € [012340]. 
Since the orbit of 3 is of length one, 
one ¢; will expand the cayley graph from [01240] to [012340]. 


Ntotitetato - ip = Ntotiteta € (0124). 
Since the orbit of 0 is of length three, 
three ¢,’s will colllapse the cayley graph from (01240) to [0124]. 


Ntotitetato - t1 = Nigtitetztp € [01230]. 
Since the orbit of 1 is of length one, 
one ¢; will map the Cayley graph from [01240] to [01230]. 


Ntotitetato -t3 = Ntotitetatate 6 [012343]. 
Since the orbit of 3 is of length one, 


one ¢; will expand the Cayley graph from [01240] to [012343]. 


Now we look at the double coset Nigtitetst3N which we denoted by [01243]. 
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To obtain the elements in [01243], we must first find the point stabiliser of 0,1, 2,3, 
and 4, N°!240. The point stabiliser consists of permutations in N = Ss, which fix 
0,1, 2,3 and 4, hence | | = 1. Since there are no additional relations which would 


(01243) _ N01243 


increase these permutaions, we get that the set stabiliser NV . Therefore, 


| Niou2is)| =1 
To find the orbits of N(1243) we conjugate 0,1,2,3 and 4 by N(1243) | The orbits of 
N(01243) are {0}, {1} , {2}, {3}, {4}, {0}, {1} , {2}, {3}, and {4} . The number of single 
cosets in the double coset [01243] is obtained by dividing [wore = ue = 120. To 
obtain the single cosets in this double coset we apply the permutations in Ss: 
[01243] = Nigtitotgtg3N = {N (totitetats)” jn € N} 

Next, we must take a representative of each orbit of N(©1243) and apply it to 


Ntotitetats to determine if it will extend or collapse the Cayley graph: 


Niotitotats - to = Ntotitetats € [01243] 
Since the orbit of 0 is of length three, 
three t;’s collapse the cayley graph from [01243] to [01243] 


Ntotitotats «ty = Ntotitots € (0123). 
Since the orbit of 1 is of length one, 
one ¢; will map from {01243} to (0123). 


Niotitotats «tg = Ntotitetats € [01243]. 
Since the orbit of 2 is of length one, 
one ¢,’s will map from [01243] to [01243]. 


Niotitotatg - tg = Netotitetsts = Ntotitatsts € [01234]. 
Since the orbit of 3 is of length one, 
one ¢; will expand the cayley graph from [01243] to [01234]. 


Niotitatats »t4 = Ntotitotst4 € [01234]. 
Since the orbit of 4 is of length one, 
. one ¢; will expand the cayley graph from [01243] to [01234]. 
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Thus, two things will map from [01243] to [01234]. 


Ntotitetats - tp = Ntotitetstato € [012340]. 
Since the orbit of 0 is of length three, 
three t;’s will colllapse the cayley graph from [012340] to [0124]. 


Ntotitotats - t = Ntotitetsta € [01234]. 
Since the orbit of I is of length one, 
one ¢; will map the Cayley graph from (01243] to [01234]. 


Ntotitotats - t2 = Ntotitetstots € [012304]. 
Since the orbit of 2 is of length one, 
one t; will map the Cayley graph from [01243] to [012304]. 


Ntotitotats -t3 = Niotitets € [0124]. 
Since the orbit of 3 is of length one, 
one ¢; will expand the Cayley graph from [01243] to [0124]. 


Ntotitotats -t1 = Ntotitetstots € [012304]. 
Since the orbit of 4 is of length one, 
one ¢; will map the Cayley graph from [01243] to [012304]. 


Now we look at the double coset Ntotitgt3toN which we denoted by [01230]. 
To obtain the elements in [01230], we must first find the point stabiliser of 0,1,2, and 
3, N°1230. The point stabiliser consists of permutations in N = Ss, which fix 0,1, 2,3 
and permute 4, hence | wee) = 1. Using magma, we obtain the following relations 
01230 ~ 30123 ~ 12301 ~ 23012. 
Using these relations, we can obtain the elements in the set stabiliser. These relations 
can be represented as permutations in 55. These permutaions are obtained as follows: 
01230 ~ 30123 = (0321) (0331) (44) 
01230 ~ 30123 = (0123) (0123) (44) 
01230 ~ 23012 = (02) (13) (02) (13) 


126 


If we conjugate Ntotjtot3to by the first permutation, (0321) (0321) (44), we obtain 
the following: N (tofitolgto) 2?) 249. — Nigtot,tofs, but the relation tells us that 
30123 ~ 01230 
=> Nigtottets = Nigtitetgto 
=> (0321) (0321) (44) € N(0180) 
So, (01230) > ( (0821) (6331) (44) , 91280 ) =>  pv1o1230) =4, 
To find the orbits of N(123°) we conjugate 0,1,2,3 and 4 by N(!89) | The orbits 
of N(01230) are {0,3,2,1}, {0,3,2,1}, and {4,4} . The number of single cosets in the 
double coset [01230] is obtained by dividing [ro] = 129 — 30. To obtain the single 
cosets in this double coset we apply the permutations in Ss: 
[01230] = NtotitotstoN = {N (totitotsta)” |n € N} 

Next, we must take a representative of each orbit of NV (01230) and apply it to 


Nitotitgt3to to determine if it will extend or collapse the Cayley graph. 


Ntotitetsty + to = Ntotitatztp = Ntotitets € (0124]. 
Since the orbit of 0 is of length four, 
four t,’s will collapse the cayley graph from (01230] to [0124]. 


Niotitatsto - to = Ntptytets € [0123]. 
Since the orbit of 0 is of length four, 
four ¢,’s will collapse the cayley graph from [01230] to [0123]. 


Ntgtitetgty - ta = Ntotitot3taty € {012340). 
Since the orbit of 4 is of length two, 
two ¢;’s will expand the cayley graph from [01230] to [012340] 


Now we look at the double coset Négttet3t,N which we denoted by [01234]. 
To obtain the elements in [01234], we must first find the point stabiliser of 0,1, 2,3 and 4, 
01234 The point stabiliser consists of permutations in N = Ss, which fix 0,1,2,3 and 
4, hence IN 0125 = 1. Since there are no additional relations which would increase these 
permutaions, we get that the set stabiliser N(1234) — 11234 Therefore, | (o1284)| =1. 


To find the orbits of N(234) we conjugate 0,1,2,3 and 4 by N(1234) | The orbits of 
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N (01234) are {0}, {1}, {2}, {3}, {4}, {0}, {1}, {2}, {3}, and {4}. The number of single 
cosets in the double coset [01234] is obtained by dividing stisn = 120 — 120. To 
obtain the single cosets in this double coset we apply the permutations in Ss: 
[01234] = NtotitotstaN = {N (tptitetsta)” ln € N} 

Next, we must take a representative of each orbit of N(°l234) and apply it to 


Ntotitotst4 to determine if it will extend or collapse the Cayley graph: 


Niptitotgta - tp = Ntotitatats € (01243). 
Since the orbit of 0 is of length one, 
one ¢; will map the cayley graph from [01234] to [01243]. 


Niotitotgta - ty = Niotitotgts € [01234]. 
Since the orbit of 1 is of length one, 
one ¢; will map the cayley graph from [01234] to [01234]. 


Ntotitotsta -te = Ntotitotsta € [01234]. 
Since the orbit of 2 is of length one, 
one t; will map the cayley graph from [01234] to [01234]. 


Ntotitatgt, - tg = Ntotitotsts € [01234]. 
Since the orbit of 3 is of length one, 
one t; will map the cayley graph from [01234] to [01234]. 


Ntotitotats -t4 = Ntotitetst, = Ntotitetsts € [01243]. 
Since the orbit of 4 is of length one, 
one t; will map the cayley graph from [01234] to (01243). 


Ntotitatata - to = Ntotitetstato. 

This is a new double coset which we will label as [012340] 
Since the orbit of 0 is of length one, 

one ¢; will expand the cayley graph from [01234] to (012340). 


128 


Niotitotgta :t1 = Ntotitetatato € [012340]. 
Since the orbit of I is of length one, 
one t; will expand the cayley graph from [01234] to [012340]. 


Niotitetats - f2 = Ntotitetgtaty € [012340]. 
Since the orbit of 2 is of length one, 
one ¢; will expand the cayley graph from [01234] to [012340]. 


Niotitotgta  t3 = Ntotitatstots € [012304]. 
Since the orbit of 3 is of length one, 
one ¢;’s will expand the cayley graph from [01234] to [012304]. 


Ntotitetst, : i, = Ntotitets € (0123). 
Since the orbit of 4 is of length one, 
one ¢; will collapse the cayley graph from [01234] to [0123]. 


Now we look at the double coset Nigtitgt,t3N which we denoted by [01243}. 
To obtain the elements in [01243], we must first find the point stabiliser of 0,1, 2,3 and 4, 
N°1243_ ‘The point stabiliser consists of permutations in N = Ss, which fix 0,1,2,3 and 
4, hence IN | = 1. Since there are no additional relations which would increase these 
permutaions, we get that the set stabiliser N(01243) — 7y01243 | Therefore, IN ne) = 1. 
To find the orbits of N(1243) we conjugate 0,1,2,3 and 4 by N(@1243) | The orbits of 
N(01243) gre {0}, {1} , {2}, {3}, {4}, {0}, {1} , {2}, {3}, and {4} . The number of single 
cosets in the double coset [01243] is obtained by dividing sae = 1 = 120. To 
obtain the single cosets in this double coset. we apply the permutations in Ss: 
[01243] = NiptitetatsN = {N (totitofats)" |n € N} 

Next, we must take a representative of each orbit of N(1243) and apply it to 


Ntotitetats to determine if it will extend or collapse the Cayley graph: 


Niotitotats - to = Nigtitetst, € [01234]. 
Since the orbit of 0 is of length one, 
one t; will map the cayley graph from [01243] to [01234]. 


Niotitotats1 = Nigtitetat; € [01243]. 


Since the orbit of 1 is of length one, 


one ¢; will map the cayley graph from [01243] to [01243]. 


Ntotitotats - to = Ntotitetsts € (01234). 
Since the orbit of 2 is of length one, 


one ¢; will map the cayley graph from [01243] to [01234]. 


Niotitetatg -t3 = Ntottotatz = Ntotytetsts € [01234]. 
Since the orbit of 3 is of length one, 


one ¢; will map the cayley graph from [01243] to [01234]. 


Nipotytotats + ts = Ntotitetst, € [01234]. 
Since the orbit of 4 is of length one, 


one t; will map the cayley graph from [01243] to [01234]. 


Ntotitatatg - tp = Ntotitetstaty € (012340). 
Since the orbit of 0 is of length one, 


one t; will extend the cayley graph from [01243] to [012340]. 


Niptitatatg -t, = Ntotitetstato € {012340}. 


Since the orbit of 1 is of length one, 


one t; will extend the cayley graph from [01243] to [012340]. 


Niotitetats «to = Ntptitetgtaty € [(012341}. 
Since the orbit of 2 is of length one, 


one f; will extend the cayley graph from [01243] to [012341]. 


Niotitotats - tg = Ntotitets € (0124). 


Since the orbit of 3 is of length one, 


one t; will collapse the cayley graph from [01243] to [0124]. 
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Ntotitotats - ta = Ntotitetstota € [012304]. 
Since the orbit of 4 is of length one, 
one t; will extend the cayley graph from [01243] to [012304]. 


Now we look at the double coset Ntotitet3tgt; N which we denoted by [012301]. 
To obtain the elements in [012301], we must first find the point stabiliser of 0,1,2, and 
3, N2891, The point stabiliser consists of permutations in N = $5, which fix 0,1, 2,3 
and permute 4, hence |N°!23°1| = 1, Using magma we obtain the following relations: 
012301 ~ 230123 ~ 210321 ~ 032103 ~ 123012 ~ 103210 ~ 301230 ~ 321032. 
Using these relations, we can obtain the elements in the set stabiliser. These relations 
can be represented as permutations in Ss. These permutaions are obtained as follows: 
012301 ~ 230123 = (02) (13) (44) (02) (13) 
If we conjugate Ntottetstot, by the first permutation, (02) (13) (44) (02) (13), we obtain 
the following: N (totytatgtioty ) O29) 44) 021118) = Ntotgtotitets, but the relation tells us 
that 230123 ~ 012301 
=> Ntotgtotitets = Ntotitetstoti 
=> (02) (13) (44) (62) (18) © n7(012801) 
So, N (012301) > ((02) (13) (44) (62) (13) FF haere > [ayto32802)| = 0, 
If we conjugate Ntotitetstot, by the second permutation, (1032) (1032) (44), we obtain 


=> (1032) (1032) (44) © N(012301) 
So, N (012801) — ((1035) (1032) (44) , (02) (13) (44) (G3) (13) , N12801) = | r(012800)) . g, 
To find the orbits of N(€12301) we conjugate 0,1,2,3,4,0,1,2,3, and 4 by N(012301) , 
The orbits of N(12301) are {0,1,2,3,0,1,2,3}, and {4,4}. The number of single cosets 
in the double coset [012301] is obtained by dividing [rary] = 420 = 15. To obtain 
the single cosets in this double coset we apply the permutations in Ss: 
[012301] = NiotztetstotiN = {NN (totztotstoti)” In € N} 

Next, we must take a representative of each orbit of N(€1289)) and apply it to 


Niotitgtgtot; to determine if it will extend or collapse the Cayley graph. 
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Niotitotztot1 +t = Ntotitetsto € {01230}. 
Since the orbit of I is of length eight, 
eight ¢;’s will collapse the cayley graph from [012301] to [01230]. 


Niotitatstoty -t4 = Ntotitetstotita. 

This is a new double coset which we will label as [0123014]. 
Since the orbit of 4 is of length two, 

two t,’s will expand the cayley graph from [012301] to [0123014]. 


Now we look at the double coset Ntgtitat3totaN which we denoted by {012304}. 
To obtain the elements in [012304], we must first find the point stabiliser of 0,1, 2,3 
and 4, N°12804_ The point stabiliser consists of permutations in N = Ss, which fix 
0,1, 2,3 and 4, hence |N°!254| = 1. Since there are no additional relations which would 
increase these permutations, we obtain that the set stabiliser N(012304) = )v012304 ang 
so |N(012804)| — 1, To find the orbits of N(1?804) we conjugate 0,1, 2,3, 4, 0,1, 2,3, and 
4 by N(012304) | The orbits of N(012804) are {0}, {1}, {2}, {3}, {4}, {0}, {1}, {3}, {3}, 


and {4}.The number of single cosets in the double coset [012304] is obtained by dividing 


N — 120 _ 
Wwoi2304)] ~ “1 


permutations in Ss: 
{(012304] = NiotitotstotaN = {N (totitetstota)” |n € N} 


Next, we must take a representative of each orbit of N(°12394) and apply it to 


120. To obtain the single cosets in this double coset we apply the 


Niotitotstota to determine if it will extend or collapse the Cayley graph. 


Ntotitotgtota - to = Netotitetsts € [01234]. 
Since the orbit of 0 is of length one, 
one #; will collapse the cayley graph from [012304] to [01234}. 


Nitotitetstot, -t1 = Ntotitetstota € [012304]. 
Since the orbit of 1 is of length one, 


one ¢; will map the cayley graph from [012304] to [012304]. 
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Niotitetgtots - to = Ntptitatats, € [01234]. 
Since the orbit of 2 is of length one, 
one ¢; will collapse the cayley graph from [012304] to [01234]. 


Niotytotgtota - tg = Ntotitetstots € [012304]. 
Since the orbit of 3 is of length one, 
one t; will map the cayley graph from [012304] to [012304]. 


Ntotitotstota - t4 = Ntotitatstots € [012304]. 

Since the orbit of 4 is of length one, 

one ¢; will map the cayley graph from [012304] to [012304]. 

Now, two ¢,’s will map the cayley graph from [012304] to [012304]. 


Ntotitetstota - fp = Ntotitotstaty € [012340]. 
Since the orbit of 0 is of length one, 
one ¢; will map the cayley graph from [012304] to [012340]. 


Niotitotgtota - t) = Ntotytotgtotatt. 

This is a new double coset which we will label as [0123041]. 
Since the orbit of 1 is of length one, 

one ¢,’ will extend the cayley graph from [012304] to [012304i]. 


Ntotitetatota -t2 = Ntotitetats € [01243]. 
Since the orbit of 2 is of length one, 
one t; will collapse the cayley graph from [012304] to [01243]. 


Niotitetgtota -t3 = Ntotitetgtotita € [0123014]. 
Since the orbit of 3 is of length one, 
one #; will extend the cayley graph from [012304] to [0123014]. 


Ntotitetstota -t4 = Niotitetsto € [01230]. 
Since the orbit of 4 is of length one, 
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one #; will collapse the cayley graph from [012304] to [01230]. 


Now we look at the double coset Nigtitetstpt4N which we denoted by [012304]. 
To obtain the elements in [012304], we must first find the point stabiliser of 0,1, 2,3 
and 4, N°12304_ The point stabiliser consists of permutations in N = $5, which fix 
0,1, 2,3 and 4, hence [N ie = 1. Since there are no additional relations which would 
increase these permutations, we obtain that the set stabiliser N(012304) — )y012304, ang 
so |N ome = 1. To find the orbits of N(12304) we conjugate 0,1, 2,3, 4,6, 1,3,3, and 
4 by N(012304) | The orbits of N(12304) are {0}, {1}, {2}, {3}, {4}, {0}, {1}, {2}, {3}, 
and {4}. The number of single cosets in the double coset [012304] is obtained by dividing 
[rena] — 120 = 120. To obtain the single cosets in this double coset we apply the 
permutations in S5: 
[012304] = NiotitetstotaN = {N (totitetstots)” |n € N} 

Next, we must take a representative of each orbit of N{12304) and apply it to 


Ntotitotgtot, to determine if it will extend or collapse the Cayley graph. 


Niotitotgtota - to = Ntptitetats € (01234). 
Since the orbit of 0 is of length one, 
one #; will collapse the cayley graph from [012304] to [01234]. 


Ntotitotatot, -t1 = Ntotitetstota € [012304]. 
Since the orbit of 1 is of length one, 
one ¢; will map the cayley graph from [012304] to [012304]. 


Ntotitotatota «te = Ntptitatats € [01234]. 
Since the orbit of 2 is of length one, 
one ¢; will collapse the cayley graph from [012304] to [01234]. 


Niotytotgtot, - tg = Ntotitotgtots € [012304]. 
Since the orbit of 3 is of length one, 
one é; will map the cayley graph from [012304] to [012304]. 
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Nitotrtetgtots ta = Ntotitatgto € (01230). 
Since the orbit of 4 is of length one, 
one ¢; will collapse the cayley graph from [012304] to [01230}. 


Niotitetstots « f = Ntotitetats € (01243). 
Since the orbit of 0 is of length one, 
one ¢; will collapse the cayley graph from [012304] to [01243]. 


Nitotitetstots -t1 = Ntotitetstotita € [0123014]. 
Since the orbit of 1 is of length one, 
one ¢; will extend the cayley graph from [012304] to [0123014]. 


Ntotitotgtpt, - fg = Ntotitetsta € (01234). 
Since the orbit of 2 is of length one, 
one ¢; will collapse the cayley graph from [012304] to [01234]. 


Ntotitotatots - ts = Nitptitot3te € (01232). 
Since the orbit of 3 is of length one, 
one ¢; will collapse the cayley graph from [012304] to [01232]. 


Ntotitotatota - Fy = Ntotitotgtota € (012304). 

Since the orbit of 4 is of length one, 

one ¢; will map the cayley graph from [012304] to [012304]. 
Now, two ¢;’s map the cayley graph from [012304] to [012304]. 


Now we look at the double coset Nipttetstafp.N which we denoted by [012340]. 
To obtain the elements in [012340], we must first find the point stabiliser of 0,1, 2,3,4 
and 0, N°!2340. The point stabiliser consists of permutations in N = Ss, which fix 
0,1, 2,3, 4,0, hence [Nn 012340 = 1. Using magma we obtain the following relations: 
012340 ~ 410324 ~ 214352. 
Using these relations, we can obtain the elements in the set stabiliser, N(°!2940) | These 


relations can be represented as permutations in S;. These permutaions are obtained as 
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follows: 
012340 ~ 410324 => (042) (042) 
012340 ~ 214352 = (024) (024) 
If we conjugate Nigtitetstato by the first permutation, (042) (042), we obtain the fol- 
lowing: N (totitetgta#y) 04 ™ = Negtitotstets, but the relation tells us that 410324 ~ 
012340 
=> Nigtytotgtets = Ntotitatgtgto 
=> (042) (043) € Nv(012340) 
So, (012340) > ( (042) (043) , nian) a | N(012346)| > 3, 
Hence av (ov2840)| = 3. To find the orbits of N(12340) we conjugate 0,1, 2,3, 4,0, 1, 3,3, 
and 4 by N(012340). The orbits of N(12340) are {0,2,4}, {1}, {3}, {0,2,4}, {1}, and 
{3}. The number of single cosets in the double coset [012340] is obtained by dividing 
[an] = ie = 40. To obtain the single cosets in this double coset we apply the 
permutations in Ss: 
[012340] = NtotitotgtafoN = {N (totatotatato)” In € N'}. 

Next, we must take a representative of each orbit of (12340) and apply it to 


Ntotitetgtato to determine if it will extend or collapse the Cayley graph. 


Ntotitotgtato - to = Ntotitetsta € [01234]. 
Since the orbit of 0 is of length three, 
three t;’s will collapse the cayley graph from [012340] to [01234]. 


Ntotitetstato -t1 = Ntotitetstati € [012341] 
Since the orbit of 1 is of length one, 
one ¢; will map the cayley graph from [012340] to [012341]. 


Ntotitotgtafo - tz = Ntotitetstate € [012342]. 
Since the orbit of 3 is of length one, 
one ¢; will map the cayley graph from [012340] to [012342]. 


Niotitatgtato + tp = Ntotitotgtato = Ntotitetst, € [01234]. 
Since the orbit of 0 is of length three, 
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three ¢;’s will collapse the cayley graph from [012340] to [01234] 


Ntotitetgtaty - t = Ntotitetgtotati € [0123041]. 
Since the orbit of I is of length one, 
one ¢; will extend the cayley graph from [012340] to [012304i]. 


Ntotitatgtato - 3 = Ntotitetata € {01240}. 
Since the orbit of 3 is of length one, 
one t; will collapse the cayley graph from [012340] to (01240). 


Now we look at the double coset Ntotytotgt4t, N which we denoted by [012341]. 
To obtain the elements in [012341], we must first find the point stabiliser of 0,1, 2,3 and 
4, N°12341_ The point stabiliser consists of permutations in N = Ss, which fix 0, 1, 2,3, 
and permute 4 hence eae = 1. Using magma we obtain the following relations: 
012341 ~ 032413 ~ 042134. 
Using these relations, we can obtain the elements in the set stabiliser, N12341) | These 
relations can be represented as permutations in $;. These permutaions are obtained as 
follows: 
012341 ~ 032413 = (134) (134) 
012341 ~ 042134 = (143) (143) 
If we conjugate Ntotitetgtat, by the first permutation, (184) (134), we obtain the fol- 
lowing: N (totitotgtat, ) 3405 = Ntotgtotat)t3, but the relation tells us that 032413 ~ 
012341 
=> Ntotgtetatits = Ntotitotatats 
=> (134) (134) € (012341) 
So, n(012341) > ( (134) (134) , Nee as | niGaa| > 3. 
Hence jee) = 3. To find the orbits of N(°!2341) we conjugate 0, 1,2, 3, 4, 0, 1, 2, 3, 
and 4 by N(12841) | The orbits of N(!?341) are {0}, {2}, {1, 3,4}, {0} , {2}, and {1, 3, 4}. 
The number of single cosets in the double coset (01234] is obtained by dividing [WORT] = 
age = 40. To obtain the single cosets in this double coset we apply the permutations in 
Ss: 
[012341] = Ntotitetatat,N = {N (totitetgtati)” |n € N}. 
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Next, we must take a representative of each orbit of N(01234)) and apply it to 


Nipotitetgtat, to determine if it will extend or collapse the Cayley graph. 


Ntotitotgtaty - to = Ntotitetgtotat, € [0123041]. 
Since the orbit of 0 is of length one, 
one ¢; will extend the cayley graph from [012341] to [0123041]. 


Ntotitetstaty «ti = Ntotitetgtah = Ntotitatats € [01243] 
Since the orbit of 1 is of length three, 
three ¢;’s will collapse the cayley graph from [012341] to [01243] 


Nitotitetgtati «to = Ntotitetat, € {01234). 
Since the orbit of 2 is of length one, 
one ¢; will map the cayley graph from [012341] to [01234]. 


Ntotitatgt4t, - tp = Ntotitetgtaty € [012340]. 
Since the orbit of 0 is of length one, 
one t; will map the cayley graph from [012341] to [012340} 


Niotitotgtat1 - t) = Ntotitetgt, € [01234], 
Since the orbit of I is of length three, 
three t;’s will collapse the cayley graph from [012341] to [01234]. 


Ntotitetstat, -f2 = Ntotitotstots € [012304]. 
Since the orbit of 2 is of length one, 
one ¢; will map the cayley graph from [012341] to [012304]. 


Now we look at the double coset Ntotitetstot4N which we denoted by [012304]. 
To obtain the elements in [012304], we must first find the point stabiliser of 0,1, 2,3 and 
4, N°12304, The point stabiliser consists of permutations in N = Ss, which fix 0, 1,2, 3, 
and 4 hence Iw am = 1. Using magma, we obtain the relations 012304 ~ 310234 ~ 
218024 ~ 243021 ~ 340231 ~ 042301. Using these relations, we can obtain the elements 
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in the set stabiliser, N(123°4) | These relations can be represented as permutations in 
Ss. These permutaions are obtained as follows: 
012304 ~ 243021 = (14) (230230) (14) 
If we conjugate Ntgtitetstots by this permutation, (14) (230230) (14), we obtain the 
following: N (tots tot pts) 14 28023004) = Niotgtgtotot1, but the relation tells us that 
243021 ~ 012304 
=> Ntotatgtotat, = Ntptitotstot, 
=> (14) (230230) (14) © (012804) 
So, (012304) > ((14) (230230) (14) , Noa) 2 | Norio) > 6. 
Hence lw (012304) | _ , 
To find the orbits of N(1234) we conjugate 0, 1, 2, 3, 4,0, 1, 2,3, and 4 by N(12804) | The 
orbits of N(€12304) are {1,4}, {1,4}, and {0, 2, 3,0, 2,3}. The number of single cosets in 
the double coset [012304] is obtained by dividing [OL] = 120 = 20. To obtain the 
single cosets in this double coset we apply the permutations in Ss: 
[012304] = NtotitotstotaN = {N (totitetatots)” ln € N}. 

Next, we must take a representative of each orbit of N12304) and apply it to 


Niotitetgtota to determine if it will extend or collapse the Cayley graph. 


Ntotitotgtota - to = Ntotytatats € [(01243}. 
Since the orbit of 0 is of length six, 
six t;’s will collapse the cayley graph from [012304] to [01243]. 


Ntotitotatota + t1 = Ntotitetstat, € (012341). 
Since the orbit of 1 is of length two, 
two ¢,’s will map the cayley graph from [012304] to [012341]. 


Niptitatgtot, - ta = Ntotitatgty € [01230]. 
Since the orbit of 4 is of length two, 
two ¢,’s will collapse the cayley graph from (012304] to [01230]. 


Now we look at the double coset Nigtitots3tafpN which we denoted by [012340]. 
To obtain the elements in [012340], we must first find the point stabiliser of 0,1, 2,3 and 
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4, N°12340. The point stabiliser consists of permutations in N = $5, which fix 0,1, 2;3, 
and 4 hence |vo12845) = 1. Using magma, we obtain the relation 012340 ~ 314023. 
Using this relation, we can obtain the elements in the set stabiliser, N(!7540)., These 
relations can be represented as permutations in S;. These permutaions are obtained as 
follows: 
012340 ~ 314023 = (03) (24) (03) (24) 
If we conjugate Niotitot3tato by this permutation, (03) (24) (03) (24), we obtain the 
following: N (tots toFgtaEp) (0224) 3)24) = Ntgtitatotetz, but the relation tells us that 
314023 ~ 012340 
=> Ntstitatotets = Ntotitotgtato 
=> (03) (24) (63) (24) © N (012340) 
So, (012840) > ( (93) (24) (03) (24) , NOES | = | Nos) > 2. 
Hence |w (012340)! — 9, To find the orbits of N(12340) we conjugate 0, 1,2, 3, 4, 0, 1, 3,3, 
and 4 by N(12340) | The orbits of N(!2340) are {1}, {2,4}, {0,3}, {1}, {2,4}, and 
{0,3}. The number of single cosets in the double coset [012340] is obtained by dividing 
prantayy = 20 = 60. To obtain the single cosets in this double coset we apply the 
permutations in S5: 
[012340] = NtotitetatatoN = {N (totitotstaty)” |n € N}. 

Next, we must take a representative of each orbit of N(©22540) and apply it to 
Nitotitetztatp to determine if it will extend or collapse the Cayley graph. 


Ntotitotstato - tp = Ntotitetst, € [01234]. 
Since the orbit of 0 is of length two, 
two t;’s will collapse the cayley graph from [012346] to [01234]. 


Niotitotgtaty +t, = Ntotitotstato € [012340]. 
Since the orbit of 1 is of length one, 
one ¢; will map the cayley graph from [012340] to itself , [012340]. 


Niptitgtgtaty - to = Ntotitetats € [01243]. 
Since the orbit of 2 is of length two, 
two t;’s will collapse the cayley graph from [012340] to [01243]. 
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Ntotitetstatp fp = Ntotitetstatp = Ntotitetst, € [01234]. 
Since the orbit of 0 is of length two, 
two t;’s will collapse the cayley graph from [012340] to [01234]. 


Nitotitat3tato -t, = Niptitetsto € [01230}. 
Since the orbit of 1 is of length one, 
one t; will collapse the cayley graph from [012340] to [01230]. 


Niptitetgtaty - ty = Ntotitatats € (01243). 
Since the orbit of 2 is of length two, 
two t;’s will collapse the cayley graph from [012340] to [01243]. 


Now we look at the double coset Ntgtitetztat2N which we denoted by [012343]. 
To obtain the elements in [012342], we must first find the point stabiliser of 0,1, 2,3 and 
4, N°12342_ The point stabiliser consists of permutations in N = 55, which fix 0,1, 2,3, 
and 4 hence [N aa = 1. Using magma, we obtain the relations 012342 ~ 014234 ~ 
103423 ~ 104234 ~ 102342 ~ 013423. Using these relations, we can obtain the elements 
in the set stabiliser, (12342), ‘These relations can be represented as permutations in 
Ss. These permutaions are obtained as follows: 
012343 ~ 103423 = (07) (01) (234234) 
If we conjugate Nigtitotstate by this permutation, (01) (01) (234234), we obtain the 
following: N (totytofgtata) OD OV 23428) = Nt fptgtatgt3, but the relation tells us that 
103423 ~ 012342 
=> Néytotgtatets = Ntotitetgtate 
=> (01) (01) (234234) € (012842) 
So, N(012542) > ((01) (1) (234234) , yaaa) a | (012842) > 6. 
Hence |N a = 6. To find the orbits of N(1242) we conjugate 0, 1, 2,3, 4,0, 1, 2,3, 
and 4 by N(©12842) | The orbits of N(12842) are {0,1}, {0,1}, and {2,3,4,2,3,4}. The 
number of single cosets in the double coset [012343] is obtained by dividing wonky = 
120 = 20. To obtain the single cosets in this double coset we apply the permutations in 
Ss: 
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[012342] = Ntotitotgt4tgN = {N (tot totgtat2)” In € N}. 
Next, we must take a representative of each orbit of N(12342) and apply it to 


Ntotitgt3tqt2 to determine if it will extend or collapse the Cayley graph. 


Niotitetatate ‘Io = Ntotitotato € [01240]. 
Since the orbit of 0 is of length two, 
two ¢,’s will collapse the cayley graph from [012342] to (01240). 


Ntotitatgtate -t1 = Ntotitetstato € [012340]. 
Since the orbit of 1 is of length two, 
two t;’s will map the cayley graph from [012342] to [012340]. 


Niotitotstate - te = Ntotitotsts € [01234]. 
Since the orbit of 2 is of length six, 
six t;’s will collapse the cayley graph from [012342] to [01234]. 


Now we look at the double coset Ntotit2t3tafp.N which we denoted by [012340]. 
To obtain the elements in [012346], we must first find the point stabiliser of 0,1, 2, 3,4 
and 0, N12840_ The point stabiliser consists of permutations in N = Ss, which fix 
0,1,2,3,4 and 6, hence noe = 1. Using magma we obtain the relations 012346 ~ 
234012 ~ 123401 ~ 401234 ~ 340123. Using these relations, we can obtain the elements 
in the set stabiliser, N (012340) These relations can be represented as permutations in 


Ss. These permutaions are obtained as follows: 


234012 ~ 012340 
=> Ntotstatotite = Ntotitetstaty 
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N 5 
To obtain the single cosets in this double coset we apply the permutations in Ss: 


[012340] = NiotitetatatpN = {N (totitetstato)” |n € N} 


Next, we must take a representative of each orbit of N (012340) and apply it to 


single cosets in the double coset [012340] is obtained by dividing Orsay = 120 = 24. 


Ntotitetstaty to determine if it will extend or collapse the Cayley graph: 


Ntotitotstat - to = Ntotitetat, € [01234]. 
Since the orbit of 0 is of length five, 
five t;’s will collapse the cayley graph from [012340] to [01234]. 


Niotitets3tato - to = Ntotitetatatp = Ntotitetats € [01243]. 
Since the orbit of 0 is of length five, 
five t;’s will collapse the cayley graph from [012340] to [01243). 


Now we look at the double coset NtotitgtgtotitaN which we denoted by [0123014]. 
To obtain the elements in [0123014], we must. first find the point stabiliser of 0,1,2,3 
and 4, N°128014_ The point stabiliser consists of permutations in N = Ss, which fix 
0,1,2,3 and 4, hence |V°!28014| — 1. Using magma we obtain the following relations: - 
0123014 ~ 3210824 ~ 1032104 ~ 2301234. 
Using these relations, we can obtain the elements in the set stabiliser. These relations 
can be represented as permutations in S55. These permutaions are obtained as follows: 
0123014 ~ 3210324 = (08) (12) (03) (13) 
0123014 ~ 1032104 => (01) (23) (01) (23) 
0123014 ~ 2301234 = (02) (13) (02) (13) 
If we conjugate Négtitetgtotita by the first permutation, (03) (12) (03) (12), we obtain 
the following: N (totitatgtotit4) ©9029) — Nigtotytotgtats, but the relation tells us 
that 3210324 ~ 0123014 
= Nigtottotatets = Ntotitotstotita 
=> (03) (12) (03) (12) © N(0128014) 
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So, (0123014) > ((03) (12) (03) (12) Noe) => |.A7(0128014) | > 2. 
If we conjugate Ntotytetstotit, by the second permutation, (01) (23) (01) (23), we obtain 
the following: N (totitotgtotitg) CY) ©D@9) — Ne,totgtotitota, but the relation tells us 
that 1032104 ~ 0123014 
=> Ntitotgtettota = Ntotitatgtotit, 
=> (01) (23) (OT) (23) € N(0128014) 
So, N(0128014) — ((03) (12) (03) (12) , (01) (23) (OL) (23) , N128014), = | ny(0123014) | = 4, 
To find the orbits of N(©1?8°14) we conjugate 0,1,2,3,4,0,1,2,3, and 4 by N(0125014) | 
The orbits of N(123014) are {0,1,2,3}, {0, 1, 2,3}, {4}, and {4}. The number of single 
cosets in the double coset [0123014] is obtained by dividing [WORT] = 170 — 30. To 
obtain the single cosets in this double coset we apply the permutations in Sz: 
[0123014] = NéotitotstotitaN = {N (totitetstotita)” ijn € N} 

Next, we must take a representative of each orbit of N(0123014) and apply it to 


Ntotitetgtotit4 to determine if it will extend or collapse the Cayley graph. 


Niotitatgtotita «to = Ntotitotstotits € [012304]. 
Since the orbit of 0 is of length four, 
four t;’s will collapse the cayley graph from [0123014] to [012304]. 


Ntotitetgtotita -t4 = Ntotitetgtotita € [0123014]. 
Since the orbit of 4 is of length one, 
one ¢; will map the cayley graph from [0123014] to itself, [0123014]. 


Ntotitotgtotrta « to = Ntotitotatots € [012304]. 
Since the orbit of 0 is of length four, 
four ¢;’s will collapse the cayley graph from [0123014] to [012304]. 


Ntotitotgtotits - t4 = Ntotitetstoti € [012301]. 
Since the orbit of 4 is of length one, 


one t; will collapse the cayley graph from [0123014] to [012301]. 


Now we look at the double coset Nigtitetstotaty N which we denoted by [0123041]. 
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To obtain the elements in [0123041], we must first find the point stabiliser of 0,1,2,3,4 
and 1, N®23041_ The point stabiliser consists of permutations in N = $5, which 
fix 0,1,2,3,4 and I, hence [aver2so4t| = 1. Using magma we obtain the relations 
0123041 ~ 2401234 ~ 2304213 ~ 2103241 ~ 0421034 ~ 0324013. Using these rela- 
tions, we can obtain the elements in the set stabiliser, N(!29°41), These relations can 


be represented as permutations in 55. | These permutaions are obtained as follows: 


0123041 ~ 0421034 => (143) (143) 
0123041 ~ 0324013 = (134) (134) 
If we conjugate N totitatstotats by the first permutation, (02) (02) (143145), we obtain 


=> (02) (02) (143143) € (0128014) 

So, N (0123041) > ( (03) (02) (1437.43) , NO128040) = | N(0128045)| > 6. 

Therefore [N (0123041)| > ¢ 

To find the orbits of N(°!23041) we conjugate 0,1, 2, 3,4, 0, 1,2,3, and 4 by N(0223041) 
The orbits of N (123041) are {02} , {02}, and {143143}.The number of.single cosets in 
the double coset [0123041] is obtained by dividing = 120 — 20. To obtain the 
single cosets in this double coset we apply the permutations in Se 

[0123041] = Ntotitetstotat:N = {N (totitetatotati)” ln € N} 


Next, we must take a representative of each orbit of N(@123041) and apply it to 


LN 
(0123041) 


Ntotitatgtptat, to determine if it will extend or collapse the Cayley graph. 


Ntotitotgtotaty - tp = Ntotitetgtaty € (012340). 
Since the orbit of 0 is of length two, 
two ¢;’s will collapse the cayley graph from [0123041] to [012340]. 


Niotitotgtotah - ti = Ntotytetgtat, € [012304]. 
Since the orbit of 1 is of length six, 
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six t;’s will collapse the cayley graph from [0123041] to (012304). 


Ntotitotstotat «to = Ntotitotatgti € [012341]. 
Since the orbit of 0 is of length two, 
two t,’s will collapse the cayley graph from [0123041] to [012341]. 


Since the set of right cosets is closed under right coset multiplication, we have 
completed the double coset enumeration.The completed the Cayley Graph, is shown on 
the following page. The index of N = Ss in G is 2,520, which is obtained by ading all the 
single cosets in each of the. double cosets. Recall that the order of N is |N| = 5! = 120. 
Thus |G| < 2520 x |N| = 2520 x 120 = 302400. Therefore, |G| < 302400. Using the 
same procedure as before, we can show that |G| > 302400. Hence, we can conclude that 
the order of G is equal to 302400, |G| = 302400. 


[oT2] Sane 


/ [OTO] © 
[o124 [0123] [0123] 


an — 120 ina at 


ee 
012341] [012342] | [012340] [012304] 


Figure 5.1: The Cayley Graph of A7 x Ss over S5 
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Chapter 6 


The Construction of A7 


We want to that the symmetric representationof A7 is given by 


Arxse are YO (19294) (91924 
CORRS] PREVLAUPLZSZH ORO GWNIER I CRN CRIZLZTER ON 9] UN BAD TZI 
and Y ~ (00) (11) (22) (34) (43), 


The symmetric presentation of the progenitor 3*° :, S5 is given by 
3° Ss & (2, y,tle® = y? = (yx)* = Iz, y]° =1=25 = (yt)? = (yt*)’, (ue")’). 
The control subgroup N is Ss on ten letters, t; and #; for i = 0,..,4. We must perform a 
double coset enumeration of G over Ss. The double coset enumeration consists of finding 
all double cosets [w] and figuring out how many single cosets each of these contains. 
Notice that the double coset enumeration is complete when the set of right cosets is 
closed under right multiplication. That is, when none of the ¢;’s can expand the cayley 
graph any further. Notice that from the definition of 3*5, we obtain the property: t? = 1 
for i = 0,...,4.. Then multiplying by the inverse of the ¢;’s, results in a new property: 
#8 .¢71=1-t71 => #? =t7!. Thus ¢? = 727" and we will denote the inverses t;’ as @; . 
The control subgroup is the permutation group Ss on ten letters. 

We will proceed to expanding our relators and obtining our relations. 

The first relation is as follows (2,3, 4) (2,3, 4) fatgtata =e . 
If we use the operation of right multiplication we can further simplify this relation: 
=> (2,3, 4) (2,3, 4) tatgtota -t4 = ety 
=> (2,3, 4) (2,3, 4) tatate = ty 
==> (2,3, 4) (2,3, 4) tatate - to = ty: te 
=> (2,3, 4) (2,3, 4) tats = tte 
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Thus, we obtain the following relation (2,3, 4) (2,3, 4) fats = fate. 
The second relation is as follows (5,5) (1, 1) (2, 2) (3, 4) (4,3) tgéatg = e. 
If we use the operation of right multiplication we can further simplify this relation: 
=> (5,5) (1,1) (2, 2) (3, 4) (4, 3) tgtats - tg =e - fg 
= (5,8) (1,1) 2,2) 3,9 (4,3) tof = % 
—=> (5,8) (1, 1) (2,2) (3,4) (4,3) tats te = Fp + ta 
=> (5,5) (1,1) (2, 2) (3, 4) (4,3) ts = tate 
Thus, we obtain the following relation (5,5) (1, 1) (2, 2) (3, 4) (4,3) ts = tata. 


The third relation is as follows (5, 1,2) (5, 1,2) fitsteti =e . 
If we use the operation of right multiplication we can further simplify this relation: 
=> (5,1, 2) (5,1, 2) ttstets -] =e- 
=> (5,1, 2) (5,1, 2) fitste = 1 
=> (5,1, 2) (5,1, 2) titste «te = fy - te 
=> (5,1,2) 8, 1,3) fits = Fite 


Thus, we obtain the following relation (5, 1,2) (5, 1,2) tits = tite. 


The fourth relation is as follows (5,4, 2,5, 4, 2) (1,3) (3, 1) tstatets =e . 
If we use the operation of right. multiplication we can further simplify this relation: 
=> (5,4, 2,5, 4, 2) (1, 3) (3, 1) tstatots - fs = e - ts 
=> (5,4, 2, 5, 4, 2) (1, 3) (3, 1) tstate = ts 
=> (5, 4, 2,5, 4, 2) (1, 3) (8, 1) tstate - to = ts - te 
=> (5,4, 2,5, 4, 2) (1, 3) (3, 1) ists = iste 
Thus, we obtain the following relation (5,4, 2,5, 4,2) (1,3) (3, 1) tst4 = tste. 


6.1 The Double Coset Enumeration of G over Ss 


The empty word is NeN = {Nen|n€ N}={Nn|n€N} ={N}. We will denote this 
double coset by [*] . The number of elements in [*] is it = 120 = 1, hence [+] consists of 
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Take a representative from this orbit and apply it to N, and determine to which double 
coset it belongs to (in other words, if the Cayley graph is expanded): 


N -ty = Nto € [0]. 
Since the orbit of 0 is of length ten, 
ten ¢;’s will extend the Cayley graph from [*] to [0]. 


Next, look at the double coset NtpN , the words of length one, which we will de-. 
note by [0]. To obtain the elements in [0], we must first find the point stabiliser of 0, N°. 
The point stabiliser, N°, consists of permutations in N = Ss which fix.0 and permute 
1, 2,3,4. This means that | 9 = 4! = 24, In this case, the point stabiliser is equal to the 
set stabiliser, N), N(©) = N° = ((1,2,3,4) ,(1,2,3,4)) = ((1,2, 3) (1, 4), (1, 2, 3) (1, 4)) 
= ((1,2) (1,3) (1,4) , (1, 2) (1, 3) (1,4) = Ag on 8 letters. Thus, |N®| = 4 = 12. Hence 
To find the orbits of N©), we conjugate 0, 1,2,3 and 4 by N©) . The orbits of N©) are 
{0} , {0}, {1,2, 3,4} and {1,2,3,4} . The number of single cosets in the double coset [0] 
is obtained by dividing ih = Sed = 10. To obtain the elements in this double coset, 
we must first find the right cosets, also known as transversals, of N©) in N. Therefore 
[0] = {Nto, Nt1, Nto, Nts, Nta, Nio, Nt, Nto, Nts, Nts}. 

Now we must take a representative from each orbit of N® and apply it to Nto 


to determine if it will extend or collapse the Cayley graph. 


Nig» to = Néo € [0]. 
Since the orbit of 0 is of length 1, 
one ¢; will map [0] to [0]. 


Nto. to =Ne [*] 
Since the orbit. of 0 is of length 1, 
one t; will collapse the Cayley graph from [0] to [x]. 


Nto «t, = Ntot, 
This is a new double coset: which we will label as (01). 
Since the orbit of 1 is of length 4, 
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four ¢,’s will extend the Cayley graph from [0] to [01]. 


Ntg «t, = Ntoti = Nto € [0] 
Since the orbit of I is of length 4, 
four ¢,’s will map [0] to [0]. 


Now, we look at the double coset Ntot;N which we denoted [01]. To obtain 
the elements in [01], we must first find the point stabiliser of 0 and 1, N®!. The point 
stabiliser consists of permutations in N = Ss which fix 0 and 1 and permute 2,3, 4. 
This means that |N°| = 3! = 6. The set stabiliser, N (01) > N°, Due to the relation 
mentioned above, the set stabiliser increases: 

N (tot1)©? = Ntyty = Ntoti = (01) € NOD) = NO) > (N, 01). 
Therefore, |N@Y] = 6-2 = 12. To find the orbits of N©, we conjugate 0,1,2 
and 3 by N@)) . The orbits of N@ are {0,1,1,0} and {2,3,4,2,3,4}. The num- 


ber of single cosets in the double coset [01] is obtained by dividing wey = 


10. We used magma to find the transversals of N@!) in N, the transversals are: 


(1,6, 3, 2) (2, 1, 0,3) (4,4), (1, D) (2, 0, 4, 3) (3, 2, 0, 4) , (1, 2, 3, 4) (2,3, 4, 1) (0,0), and 
(1,3, 4,0) (2, 2) (3,4, 0, 1). 

Now, we apply the transversals to Nigt; by conjugation to obtain the single cosets in 
[01]: 

[01] = NtotiN = {N (toti)” |n € N} 

=> [01] = {Ntot,, Ntite, Ntots, Ntgta, Négts, Ntato, Ntsto, Ntati, Népte, Ntits} 


Now, we must take a representative of each orbit of N() and apply it to Ntgt, to 
determine if it will extend or collapse the Cayley graph: 


Niot: - & = Nto (t) - 41) = Nto € [0]. 
Since the orbit of 1 is of length 4, 
four t;’s collapse the Cayley graph from [01] to [0]. 
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Ntot, - to = Ntotite € [01] 
Since the orbit of 2 is of length 6, 
six t;’s will map [01] to [01]. 


Thus, we obtain the following Cayley graph: 


Figure 6.1: The Cayley Graph of A7 over Ss 


So the index of N = Ss in G is 


IN] INI 
Iv] * [vey 


[| 


+ + 


Recall that the order of N is |N| = 5! = 120. The Cayley diagram gives the 
maximum order of G, thus |G| < 21 x 120 = 2520. In other wors, it establishes that 
|G] < 2520. Using the same process as shown in the previous chapters, we can show 


that |G] > 2520. Hence, we can conclude that that |G| = 2520. 
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Chapter 7 


The Construction of 3 x Mo» 


I began my construction of the group 3 x M2, but I was unable to finish it. I 
have included the magma code for the incomplete construction in the appendix. Please 


see Appendix B. 


Appendix A: MAGMA Code for 


(2 x Sg) : 24 


$:=Sym(6) ; 

xx:=S!(6,1,2,3,4,5); 

yy:=8!(6,1); 

N:=sub<S|xx,yy>; 
G<x,y,t>:=Group<x,y,t]x76,y72, (x*y) 75, (yty7x) 73, (yxy? (x72)) 72, 
£72, Cxey,t), Ct, Cy7 (x74))), Gxt) 76, (t*t 7x) 72>; 
f,Gi,k:=CosetAction(G, sub<G|x, y>) ; 

IN:=sub<Gilf(x) ,fCy)>; 

ts:=(£(t"(x7i)): i in [1,2,3,4,5,6]]; 

prodim := function(pt, Q, I); 


/* Return the image of pt under permutations 
Q(I] applied sequentially. */ 

Vi i= pt; 

for iinIdo v := v°(Qi]); 

end for: 

return v; 

end function; 


#G; 


N6:=Stabiliser(N,6) ;N6; 
N6c:=sub<N [N6>; 


N61:=Stabiliser(N6,1);N61; 
N6ic:=sub<N|N61>; 
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N612:=Stabiliser (N61, 2) ;N612;#N612; 
N612c:=sub<N|N612>; 


Code for Transversals 
T6s := Transversal(N,N6); T6s; 
T61:=Transversal (N,N61c) ;T61; 
T612:=Transversal(N,N612c) ;T612; 


/ * SSS SS SS SS SS SS SS SS SS SS SS SS SS SS SS SS SS SS SS 


cst := [null : i in [1 .. 32]] where null is [Integers() | ]; 
for i := 1 to 6 do cst[prodim(i, ts, [i])] := [4]; 


end for; 
m:=0; 


for iin [1..32] do if ecst[i] ne [] then m:=mt1; 


for iin [1..#T6s] do 
ss:=(6]“T6s [il]; 

cst [prodim(1,ts, ss)]:=ss; 
end for; 

m:=0; 


for i in [1..32] do if cst[i] ne [} then m:=mt1; 


for iin [1..#T61] do 
ss:=(6,1]°T61(il; 
cst[prodim(1, ts, ss)]:= ss; 
end for; 

m:=0; 


for iin [1..32] do if cst[i] ne [] then m:=mti; 


for iin [1..#T612] do 
ss:=(6,1,2]°T612(i] ; 
cst[prodim(1, ts, ss)] :=ss; 
end for; 

m:=0; 


for iin [1..32] do if cst[i] ne [] then m:=m+1; 


end if; 


end if; 


end if; 


end if; 


end for; 


end for; 


end for; 


end for; 


nl; 


mM; 


n; 


mM; 
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Permutation Representation to Symmetric Representation 
per2sym := function(G1,N, p); 


ww := cst(i*pl; 

tt := p * &*(Gil(tslww[#ww - 1 + 1]])7-1: 1 in [1 .. #ww]]; 

zz := Ni{rep{j: j in [1..6] | (1*ts[i])-tt eq 1*ts[j]}: i in [1..6]]; 
return <zz, ww>; 

end function; 


/* SSS >5 >>> SS SSS SSS 


sym2per := function(G1,N, yyy); 


xxx := N ! yyy(iJ; uuu := yyy(2]; 

poe et aan A oa 82s 

ts:=[f(t7(x7i)): i in [1,2,3,4,5,6]]; 

for i := 1 to 6 do 

plprodim(i, ts, [41])] := prodim(i, ts, [i]~xxx); 
end for; 


Tés i= Transversal (N,N6); 

for iin [1..#T6s] do 

ss:=[6]*Tés[i]; 

plpredim(i,ts, ss)]:=prodim(1,ts, ss°xxx); 
end for; 


T6i := Transversal(N,N61c); 

for iin [1..#T61] do 

ss:=(6,1]*T61[iJ; 

plprodim(1, ts, ss)]:= prodim(1, ts, ss*xxx); 
end for; 


T612:=Transversal (N,N612c); 

for i in [1..#T612] do 

ss:=[6,1,2]°T612[i] ; 

plprodim(1, ts, ss)] := prodim(1, ts, ss*xxx); 
end for; 


return (Gi ! p) * &*[G1|ts(Cuuu[j]]: j in [1 .. #uvu]]; 
end function; 
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Appendix B: MAGMA Code 
for 3 x Moo 


S:=Sym(28) ; 

xx:=8!(1,2,3,4,5,6,7) (8,9,10,11,12,13, 14) (15,16,17,18,19, 20,21) 

(22 23, 24,25,26,27,28); 

yy:=5!(1,8) (2,13) (3,10) (4,5) (6,9) (11,12) (15,22) (16,27) (17,24) (18, 19) 
(20, 23) (25,26) ; 

N:=sub<S|xx,yy>; #N; 


for g in N do g; end for; 
NN<x, y>:=Group<x,y1x7*7,y72, (x#y) 73, (x, y)74>; #NN; 


G<x,y,t>:=Group<x,y,t1x77,y72, (x*y) 73, (x,y) 74,673, (t7 (x74) ,x*y), (t,y), 
(x#t)75, (x7-1*t) “>; 


V:=CosetSpace(G, sub<G|x, y>: CosetLimit : =10000000) ; 


/* The following computes the order of G*/ 
Gi:=CosetImage(V); #G1; 


fx:=G1.1; 
fy:=G1.2; 
ft:=G61.3; 
IN:=sub<G1lfx,fy>; #IN; 


ts:=[Id(G1):i in [1..28]]; 
ts(7]:=ft; 

ts [1] :=(f£t~fx) ; 

ts [2] :=((it)* ((£x)72)); 

ts [3] :=((£t)* ((£x)73)); 

ts [4] :=((£t)*((f£x)74)); 


ts [5] :=((ft)7((£x)75)); 
ts([6] :=((f£t)7 ((fx) 76)); 
ts[8]:=ts[1] “fy; 
ts[9]:=ts[6] “fy; 
ts[10] :=ts[3] “fy; 
ts[11] :=ts[10] “fx; 
ts[12] :=ts[11] “fx; 
ts [13] :=ts[12] “fx; 
ts [14] :=ts[13] “fx; 
ts[15]:=ts({1]*-1; 
ts [16] :=ts[2]7-1; 
ts[17] :=ts[3] 7-1; 
ts[18] :=ts[4]7-1; 
ts[19]:=ts[5]~-1; 
ts [20] :=ts[6]*-1; 
ts[21] :=ts([7] 7-1; 
ts [22] :=ts[8]*-1; 
ts [23] :=ts[9]°-1; 
ts [24] :=ts[10]7-1; 
ts[25] :=ts[11]*-1; 
ts[26] :=ts[12]*-1; 
+s [27] :=ts[13]*-1; 
ts [28] :=ts[14]7-1; 


est := [null : i in [1 .. 5280]] where null is [Integers() 
prodim := function(pt, Q, I) 


/* Return the image of pt under permutations Q[T] 
applied sequentially. */ 

Vo:= pt; 

for i in I do 

vo := v°(Q0i)); 

end for; 

return v; 

end function; 


#61; 


he 
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/*Finds the relations. */ 

S:={(7]}; 

58:=5°N; 

SSS:=Setseq (SS) ; 

for iin [1..#85] do 

for g in IN do if ts[7] eq g*ts[Rep(SSS[i]) [1]] 
then print SSS[iJ; 

end if; 

end for; 

end for; 


/* Coset stabiliser of [7] */ 
N7:=Stabiliser(N,7); #N7; N7; 


N7c:=sub<N|IN7>; #N7c; N7c; 


/* Obtains the transversals of N(7) */ 
T7s:= Transversal(N,N7); T7s; 


/* number of cosets through [7], excluding[*]. */ 
for iin ([1..#T7s] do 

ss:=(7] “T7s(il; 

cst [prodim(1,ts,ss)]:=ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=mt1; 
end if; end for; m; 


/*the following will yield the relations necessary to 
translate the permutations given for m and n.*/ 

for iin [1 .. 5280] do if cst{i] ne [] then i, cst[i]; 
end if; end for; 


/*orbits*/ 
Orbits (N7); 


$:={[21]}; 
85:=57N; 
SSS:=-Setseq (SS) ; 


159 


for iin [1..#8S] do 

for g in IN do if ts[21] eq g*ts[Rep(SSS[i]) [41]] 
then print SSS(il; 

end if; 

end for; 

end for; 


/* Coset stabiliser of [21]*/ 
N21:=Stabiliser(N,21); #N21; N21; 


N2ic:=sub<N|N2i>; #N2ic; N2t1c; 
for g in N2ic do g; end for; 


/* Obtains the transversals of N(21) */ 
T21s:= Transversal(N,N2ic); #T21s; T21s; 


/* number of cosets through [21], excluding[*]. */ 

for iin [1..#T21s] do 

ss:=(21]*T21s [i] ; 

cst [prodim(1,ts,ss)]:=ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [J then m:=m+1; end if; end for; m; 


/*xorbits*/ 
Orbits (N21c); 


S:={[7,1]}; 

SS:=S°N; 

$8S5:=Setseq (SS) ; 

for i in[1..#88] do 

for g in IN do if ts[7]*ts[1] eq 

g*ts [Rep (SSS [i] ) (1]] ts (Rep (Sss (iJ) [2]] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [56]. */ 
N71i:=Stabiliser(N7,1);#N71:N71; 
N71ic:=sub<N |N71>;#N71ic;N71ic; 
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/* Obtains the transversals of N(71).*/ 
T7i:=Transversal(N,N71ic);#T71;T71; 


/*xObtains the total number of cosets(through [71] & excluding [*]) 

by conjugation. */ 

for iin [1..#T71] do 

ss:=[7,1]°T71 (iJ; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[{iJ ne [J] then m:=mti; end if; end for; m; 


for g in N7ic do g; end for; 


/*xChecks the orbits of N7ic */ 
Orbits(N71¢c); 


/eeeeecconscuness 
5. [715] 
sasecscsnescon / 
S:={[7,15]}; 
SS:=S°N; 


SSS:=Setseq(SS) ; 

for i in[1..#98] do 

for g in IN do if ts[7]*ts[15] eq 

g*ts [Rep (SSS [i] ) [1]] *ts[Rep(sss [i] [21] 
then print SSS[il; 

end if; end for; end for; 


/*Finds the coset stabilizer of [715]. */ 
N715:=Stabiliser(N7, 15) ;#N715;N715; 
N715c:=sub<N |N715>;#N715c;N715c; 


/* Obtains the transversals of N(715).*«/ 
T715:=Transversal (N,N715c) ;#T715;T715; 


/*Obtains the total number of cosets(through [715] & excluding [*]) 

by conjugation. */ 

for i in [1..#T715] do 

ss:=[7,15]°T715(i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 
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for g in N71i5c¢c do g; end for; 


/*Checks the orbits of N715c */ 


Orbits (N715¢) ; 
/*SSSRSSSSSSssSso5 
6 [7, 28] 


S:={(7,28]}; 

55:=5°N; 

SSS:=Setseq(SS) ; 

for i in[1..#8S] do 

for g in IN do if ts[7]*ts[28] eq 

g+ts [Rep (SSS [i] ) [1] ] ts [Rep (S88 [4] ) [21] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [728]. */ 
N728:=Stabiliser(N7, 28) ;#N728:N728; 
N728c :=sub<N | N728>;#N728c ;N728c; 


/* Obtains the transversals of N(728).*/ 
1728:=Transversal (N,N728c) ;#T728;T728; 


/*Obtains the total number of cosets(through [728] & excluding [*]) 
by conjugation. */ 

for iin [1..#T728] do 

ss:=(7,28]°T728[i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=m+1i; end if; end for; m; 


for g in N728c do g; end for; 


/*Checks the orbits of N728c +*/ 
Orbits (N728c) ; 


/*eeseseecsesbses= 
7. ([7, 14] 
Somemssessesaay / 
S:={(7,14]}; 


5$:=5°N; 
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SSS :=Setseq(SS) ; 

for i in[i..#SS] do 

for g in IN do if ts[7]*ts[14] eq 

g*ts [Rep (SSS [i] ) [1]] +ts [Rep (SSS [i] [2]] 
then print SSS(il]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [56]. */ 
N714:=Stabiliser (N7,14) ;#N714;N714; 
N714c:=sub<N|N714>;#N714c;N714c; 


/* Obtains the transversals of N(714).*/ 
T714:=Transversal (N,N714c) ;#T714;T714; 


/*Obtains the total number of cosets(through [71] & excluding [*]) 

by conjugation. */ 

for iin [1..#T714] do 

ss:=[7,14]°T714[i]; 

cst [prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 


for g in N714c do g; end for; 


/*Checks the orbits of N71i4c */ 
Orbits (N714¢); 


8:={[21,14]}; 

SS:=S"N; 

SSS:=Setseq(SS) ; 

for i in[1..#88] do 

for g in IN do if ts[21]*ts[14] eq 
g*ts [Rep(SSS [i] ) [1]] ts [Rep(SSs [i] ) [27] 
then print SSS[i] ; 

end if; end for; end for; 


/*Finds the coset stabilizer of [56]. */ 
N2114:=Stabiliser(N21,14) ;#N2114;N2114; 
N2114¢c:=sub<NIN2114>;#N2114c;N2114c; 
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/* Obtains the transversals of N(2114).*/ 
T2114:=Transversal (N,N2114c) ;#T2114;T2114; 


/*Obtains the total number of cosets(through [2114] & excluding [*]) 
by conjugation. */ 

for iin [1..#T2114] do 

ss:=[21,14]°T2114[i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; nm; 


for g in N2i14c do g; end for; 


/*Checks the orbits of N21ii4c */ 
Orbits (N2114c) ; 


9. [21,15] 

Seesssescssess / 

$:={(21,15]}; 

55 :=S°N; 

SSS:=Setseq(SS) ; 

for i in[1..#5S] do 

for g in IN do if ts[21]*ts[15] eq 
g*ts [Rep (SSS [i] ) [1] ] +ts [Rep (SSs [i] ) [27] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [2115]. */ 
N2115:=Stabiliser (N21, 15) ;#N2115;N2115; 
N2115c:=sub<N|N2115>;#N2115c;N2115c; 


/* Obtains the transversals of N(2115).*/ 
T2115:=Transversal (N,N2115c) ;#T2115;T2115; 


/*Obtains the total number of cosets(through [2115] & excluding [*]) 
by conjugation. */ 

for i in [1..#T2115] do 

ss:=[21,15]°T2115[il; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 
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for g in N2115¢ do g; end for; 


/*Checks the orbits of N2115c */ 
Orbits (N2115¢); 


8:={[21,1]}; 

S85:=5°N; 

SSS :=Setseq(SS); 

for i in[1..#SS] do 

for g in IN do if ts[21]*ts[1] eq 

gxts [Rep (SSS [i] ) [1] ] *ts [Rep (SSS [i] ) [2]] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [56]. +*/ 
N211:=Stabiliser (N21,1);#N211;N211; 
N21ic:-sub<N|N211>;#N21ic;N2i1c; 


/* Obtains the transversals of N(2i1).*/ 
T211:=Transversal(N,N211ic)} ;#T211;T211; 


/*Qbtains the total number of cosets(through [211] & excluding [*]) 
by conjugation. */ 

for i in [1..#T211] do 

ss:=(21,1]~T211([4]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [] then m:=m+1; end if; end for; nm; 


for g in N2lic do g; end for; 


/*Checks the orbits of N21ic */ 
Orbits(N2t1c); 


$:={(7,1,3]}; 
88:=8°N; 
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SSS:=Setseq(SS) ; 

for i inf1..#8S] do 

for g in IN do if ts[7]*ts[1]*ts[3] eq 

g*ts [Rep (SSS [i] ) [1]]*ts [Rep (SSS [i] ) [2]] *ts (Rep(SSS[i] ) (3]] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,3]. */ 
N713:=Stabiliser(N71,3) ;#N713;N713; 
N713c:=sub<N |N713>;#N713c;N713c; 


/* Obtains the transversals of N(713).*/ 
T713:=Transversal (N,N713c) ;#T713;T713; 


/*Obtains the total number of cosets(through [713] & excluding [*]) 
by conjugation. */ 

for iin [1..#T713] do 

ss:=(7,1,3]°T713 (il; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N713 */ 
for g in N713c do g; end for; 


/*Checks the orbits of N713c */ 
Orbits (N713c); 


$:={(7,1,4]}; 

$8:=S°N; 

SSS:=Setseq(SS) ; 

for i in[1..#5S] do 

for g in IN do if ts[7]*ts[i]*ts[4] eq 

g*ts [Rep (SSS [i] ) [1] ] *ts [Rep (SSS [i] ) [2]] *ts (Rep (SSS [i] ) (3]] 
then print SSS[il; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,4]. */ 
N714:-Stabiliser (N71,4) ;#N714;N714; 
N714c:=sub<NIN714>;#N714c;N714c; 
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/* Obtains the transversals of N(714).*/ 
T714:=Transversal (N,N714c) ;#T714;1T714; 


/*Obtains the total number of cosets(through [714] & excluding [*]) 
by conjugation. */ 

for i in [1..#T714] do 

ss:=(7,1,4]°T713 [i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N714 */ 
for g in N714c do g; end for; 


/*Checks the orbits of N714c */ 
Orbits(N714c) ; 


13. (7,1,6] 


S:={[7,1,6]}; 

SS:=S7N; 

SSS:=Setseq(SS); 

for i in[1..#SS] do 

for g in IN do if ts[7]*ts[1]*ts[6] eq 

g*ts [Rep(SSS [i] ) [1] J *ts [Rep (SSS [i] ) [2]] *ts [Rep(SSS[i] ) [3]] 
then print SSS[il; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,6]. */ 
N716:=Stabiliser(N71,6) ;#N716;N716; 
N716c:=sub<N|N716>;#N716c;N716c; 


/* Obtains the transversals of N(716).*/ 
T716:=Transversal (N,N716c) ;#T716;T716; 


/*Obtains the total number of cosets(through [716] & excluding [*]) 
by conjugation. */ 

for i in [{i..#T716] do 

ss:=(7,1,6]°T716[i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 
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m:=0; 
for i in [1..5280] do if cst[i] ne (] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N716 */ 
for g in N716c do g; end for; 


/*Checks the orbits of N716c */ 
Orbits (N716c) ; 


$:={(7,1,7]}; 

SS:=S7N; 

SSS :=Setseq(SS) ; 

for i in[i..#S8] do 

for g in IN do if ts[7]*ts[1]*ts[7] eq 

g*ts [Rep (SSS [i] ) [1] ] *ts [Rep (SSS [i] ) [2]]+ts [Rep(SSS [i] ) (3]] 
then print SSS[il; 

end if; end for; end for; 


/* obtain relation [14,6,14] ~ [7,1,7] 
To enter relation, first we verify if it holds by finding n . 
Then we enter relation. */ 


for n in IN do 
if ts(7]*ts[1]*ts(7] eq n*(ts(14]*ts[6]*ts[14]) then print n; 
end if; end for; 


/* to check we do the following: */ 
ts[7]*ts(t]*ts(7] eq ((fy)°2)*(ts [14] +ts [6] *ts[14]); 


/*Finds the coset stabilizer of [7,1,7]. */ 
N717:=Stabiliser(N71,7) ;#N717;N717; 
N717c:=sub<N|N717>;#N717c;N717c; 


/* Enters the relation [14,6,14] ~ [7,1,7] */ 
for n in N do if 14°n eq 7 and 6"n eq 1 
then N717c:=sub<N|N717c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
(7,1, 7] “N717¢; 
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/* Obtains the transversals of N(717) .*/ 
T717:=Transversal (N,N717c) ;#T717;T717; 


/*Obtains the total number of cosets(through [7,1,7] & excluding [+*]) 
by conjugation. */ 

for iin [1..#T717] do 

ss:=[7,1,7]°1717 (il; 

cst [prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [] then m:=mti1; end if; end for; m; 


/* prints elements in the stabilizer, N717 */ 
for g in N717c do g; end for; 


/*Checks the orbits of N717c */ 
Orbits(N717c); 


15. [7,1,8] 


S:={(7,1,8]}; 

$S:=S°N; 

SSS :=Setseq(SS) ; 

for i in[i..#8S] do 

for g in IN do if ts[7]*ts[1]*ts[8] eq 

g*ts [Rep(SSS [i] ) [1]] «ts (Rep(SSS [i] } [2]] «ts [Rep(SSS[iJ) [3]] 
then print SSS[iJ; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,8]. */ 
N718:=Stabiliser(N71,8) ;#N718;N71i8; 
N718c:=sub<N [N718>;#N718c;N718c; 


/*x Obtains the transversals of N(718).*/ 
T718:=Transversal (N,N718c) ;#T718;T718; 


/*Obtains the total number of cosets(through [718] & excluding [*]) 
by conjugation. */ 

for i in [1..#T718] do 

ss:=(7,1,8]°T718(i] ; 

est[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 
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for iin [1..5280] do if cst[i] ne [] then m:=mt1; end if; end for; m; 


/* prints elements in the stabilizer, N718 */ 
for g in N718c do g; end for; 


/*Checks the orbits of N718c */ 


Orbits (N718c) ; 
/xoncmssessseesss= 
16. (7,1,10] 


S:={[7,1,10]}; 

SS:=S7N; 

SSS:=Setseq(SS) ; 

for i in{i..#58] do 

for g in IN do if ts([7]*ts[1]*ts[10] eq 

g*ts [Rep(SSS [i] ) [1]] *ts [Rep (SS8 [i] ) (2]] «ts [Rep(SSS [i] ) [3]] 
then print sss(il; 

end if; end for; end for; 


/* obtain relation [14,12,11] ~ [7,1,10] 
To enter relation, first we verify if it holds by finding n . 
Then we enter relation. */ 


for n in IN do 
if ts(7)*ts(Ci]*ts[10] eq n*(ts[i4]*ts[12]*ts[11]) then print n; 
end if; end for; 


/* to check we do the following: 
ts(7]*ts[i]*ts[10] eq (f£(n)*(ts [14] *ts [12] *ts[11]); 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,1,10]. */ 
N7110:=Stabiliser(N71,10) ;#N7110;N7110; 
N7110c:=sub<N|]N7110>;#N7110c;N7110c; 


/* Enters the relation [14,12,11] ~ [7,1,10] */ 
for n in N do if 14°n eq 7 and 12°n eq 1 and 1i°n eq 10 
then N7110c:=sub<N|N7110c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
(7,1,10]“N7110c; 


/* Obtains the transversals of N(7110).+/ 
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T7110:=Transversal (N,N7110c) ;#T7110;T7110; 


/*Obtains the total number of cosets(through [7110] & excluding [*]) 
by conjugation. */ 

for i in [1..#T7110] do 

ss:=[7,1,10]°T7110(il]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst({i] ne [] then m:=mt+i; end if; end for; nm; 


/* prints elements in the stabilizer, N7110 */ 
for g in N7110c do g; end for; #N7110c; 


/*Checks the orbits of N7110c */ 
Orbits (N7110c) ; 


17. (€7,1,11] 

Ssaescmsssssess / 

S:={[7,1,11]}; 

$S:=S°N; 

SSS: =Setseq(SS) ; 

for i in[1..#88] do 

for g in IN do if ts[7]*ts[1]*ts[11] eq 

g*ts [Rep (SSS [i] ) [1] ] *ts (Rep (SSS [i] ) [2]] «ts [Rep(sss [i] [3]] 
then print SSS[iJ; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,11]. */ 
N7111:=Stabiliser(N71,11);:#N7111;N7111; 
N7111c:=sub<N|N7111>;4N7111c;N7111¢; 


/* Obtains the transversals of N(7111).*/ 
T7111:=Transversal (N,N7111c);#T7111;T7111; 


/*Obtains the total number of cosets(through [7111] & excluding [*]) 
by conjugation. */ 

for iin [1..#T7111] do 

ss:=[7,1,11]°T7111[i]; 

cst[prodim(i, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [] then m:=m+1; end if; end for; m; 


/* prints elements in the stabilizer, N7111 */ 
for g in N71iilc do g; end for; 


/*Checks the orbits of N7ilic */ 
Orbits (N7111c) ; 


$:={[7,1,12]}; 

SS:=S°N; 

SSS :=Setseq(SS) ; 

for i in[i..#8S] do 

for g in IN do if ts{7]*ts[1]*ts[12] eq 


gts [Rep(SSS [i] ) [1] ] «ts [Rep (SSS [i] ) [2] ] *ts [Rep(SS8 [i] ) (3]] 


then print SSS[i]; 
end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,12]. */ 
N7112:=Stabiliser (N71 ,12) ;#N7112;N7112; 
N7112c:=sub<N{N7112>;#N7112c;N7112c; 


/* Obtains the transversals of N(7112).*/ 
T7112:=Transversal (N,N7112c) :#T7112;T7112; 


/*Obtains the total number of cosets(through [7112] & excluding [*]) 


by conjugation. */ 

for iin [1..#T7112] do 
ss:=[7,1,12]°T7112[4] ; 
cst[prodim(1, ts, ss)]:= ss; 
end for; 

m:=0; 
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for i in [1..5280] do if cst[i] ne [J then m:=m+1; end if; end for; m; 


/* prints elements in the stabilizer, N7112 */ 
for g in N7112c do g; end for; 


/*Checks the orbits of N7112c */ 


Orbits(N7112c); : 
/xeSSSSSSaSRSaRaae 
19. [7,1,17] 
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S:={(7,1,17]}; 

SS:=S°N; 

SSS :=Setseq(SS) ; 

for i inf{1..#8S] do 

for g in IN do if ts[7]*ts[1]*ts[17] eq 

g*ts [Rep (SSS [i] ) [1]] *ts [Rep (SSS [i] ) [2] ] *ts [Rep (SSS [i] ) [3]] 
then print SSS[i]; 

end if; end for; end for; 


/* obtain relation [5,9,24] ~ [7,1,17] 
To enter relation, first we verify if it holds by finding n . 
Then we enter relation. */ 


for n in IN do 
if ts[7]*ts[i]+*ts[17] eq n*(ts[5]*ts[9]*ts[24]) then print n; 
end if; end for; 


/* to check we do the following: 
ts(7]*ts[1i]*ts[17] eq (f£(n))*(ts[5] *ts [9] *ts[24]>; 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,1,17]. */ 
N7117:=Stabiliser(N71,17) ;#N7117;N7117; 
N7117c:=sub<N|N7117>;#N7117c;N7117¢; 


/* Enters the relation [5,9,24] ~ [7,1,17] #*/ 
for n in N do if 5°n eq 7 and 9°n eq 1 and 24°n eq 17 
then N7117c:=sub<N|IN7117c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
(7,1,17]°N7117c; 


/* Obtains the transversals of N(7117).*/ 
T7117 :=Transversal (N,N7117c) :#T7117;T7117; 


/xObtains the total number of cosets(through [7117] & eens [*]) 
by conjugation. */ 

for i in [1..#T7117] do 

ss:=[7,1,17]°T7117 [i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=mt1; end if; end for; m; 
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/* prints elements in the stabilizer, N7117 */ 
for g in N7117c do g; end for; 


/*Checks the orbits of N7i1i7c */ 
Orbits(N7117c); 


20. [7,1,18] 


$:={[7,1,18]}; 

S8:=S°N; 

SSS:sSetseq(SS) ; 

for i in[1..#8S] do 

for g in IN do if ts[7]*ts[1]*ts[18] eq 

g*ts [Rep (SSS [i] ) [1]] *ts [Rep (SSS [i] ) [(2]] «ts [Rep(S8S [i] ) [3]] 
then print Sss[il; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,18]. */ 
N7118:=Stabiliser (N71, 18) ;#N7118;N7118; 
N7118c:=sub<N|N7118>;:#N7118c;N7118c; 


/* Obtains the transversals of N(7118).*/ 
T7118:=Transversal(N,N7118c) ;#T7118;T7118; 


/*Obtains the total number of cosets(through [7118] & excluding [*]) 
by conjugation. */ 

for i in [1..#T7118] do 

ss:=[7,1,18]°T7118[i] ; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0;3 . 

for i in [1..5280] do if cst([i] ne [] then m:=m+1; end if; end for; m; 


/* prints elements in the stabilizer, N7118 */ 
for g in N7118c do g; end for; 


/*Checks the orbits of N7118c */ 


Orbits (N7118c); 
/ t——$-—_$ +t _}_} _4-~ >_>} +4 _}__+___4 
21. ([7,1,19] 


$:={[7,1,19]}; 
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SS:=S7N; 

SSS:=Setseq(SS) ; 

for i inf[1..#SS] do 

for g in IN do if ts[7]*ts[1]*ts[19] eq 

g*ts [Rep(SSS [i] ) [1] ] «ts (Rep(sss(i]) [2]]*ts[Rep(SSS[i]) [3]] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of (7,1,19]. */ 
N7119:=Stabiliser(N71,19) ;#N7119;N7119; 
N7119c:=sub<NIN7119>;#N7119c;N7119c; 


/* Obtains the transversals of N(7119).%*/ 
T7119:=Transversal (N,N7119c) ;#T7119;T7119; 


/*O0btains the total number of cosets(through [7119] & excluding [*]) 
by conjugation. */ 

for i in [1..#T7119] do 

ss:=(7,1,19]°T7119[1]; 

cst[(prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N7119 */ 
for g in N7119c do g; end for; 


/*Checks the orbits of N71i19c */ 
Orbits(N7119c); 


/eecssonesesssanss 
22. [7,1,20] 
stsssssssssaaas / 
S:={[7,1,20]}; 
SS:=S°N; 


SSS :=Setseq(SS) ; 

for i in[1..#S8] do 

for g in IN do if ts[7]*ts[1]#ts[20] eq 

g#ts [Rep (SSS [i]) [1] ] «ts [Rep(SSS [i] ) [21] «ts [Rep(SSS[i]) [31] 
then print SSS[i]; 

end if; end for; end for; 


/* obtains relation [7,1,20] ~ [14,2,24] 
To enter relation, first we verify if it holds by finding n . 
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Then we enter relation. */ 


for n in IN do 
if ts(7]*ts[1J]*ts[20] eq n*(ts[14]*ts[2]*ts[24]) then print n; 
end if; end for; 


/* to check we do the following: 
ts(7]*ts[1i]*ts[20] eq (f£(n))*(ts[14] *ts([2] *ts[24]); 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,1,20]. +*/ 
N7120:=Stabiliser(N71,20) ;#N7120;N7120; 
N7120c:=sub<N |N7120>;:#N7120c;N7120c; 


/* Enters the relation [14,2,24] ~ [7,1,20] +*/ 
for n in N do if 14°n eq 7 and 2°n eq 1 and 24°n eq 20 
then N7120c:=sub<N|N7120c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
[7,1,20]°N7120c; 


/* Obtains the transversals of N(7120).*/ 
T7120 :=Transversal (N,N7120c) ;#T7120;T7120; 


/*Obtains the total number of cosets(through [7120] & excluding [*]) 
by conjugation. */ 

for i in [1..#T7120] do 

ss:=[7,1,20]°T7120(il ; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[{i] ne [] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N7120 */ 
for g in N7120c do g; end for; 


/*Checks the orbits of N7120c */ 


Orbits(N7120c); 

/ =SSSSSSsssssss== 
23. [7,1,21] 
SSSSscceSSoSi / 


8:={[7,1,21]}; 
$S:=8°N; 
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$85 :=Setseq (SS) ; 

for i in[1..#S5] do 

for g in IN do if ts[7]*ts[i]*ts[21] eq 

gts [Rep (SSS [i] ) [1]] *ts [Rep(SSS [i] ) (2]] *ts [Rep(SSS{[iJ ) [3]] 
then print SSS[il; 

end if; end for; end for; 


/* Obtains the relation [7,1,21] ~ [14,1,28] 
To enter relation, first we verify if it holds by finding n . 
Then we enter relation. */ 


for n in IN do 
if ts(7]*ts[1]*ts[21] eq n*(ts[14]*ts[1]*ts[28]) then print n; 
end if; end for; 


/* to check we do the following: 
ts[7J]*ts[1]*ts[21] eq (f(n))*(ts[14] *ts [1] *ts[28]); 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,1,21]. */ 
N7121:=Stabiliser(N71,21) ;#N7121;N7121; 
N7i21¢c:ssub<N|N7121>;#N7121c;N7121c; 


/* Enters the relation [14,1,28] ~ [7,1,21] */ 
for n in N do if 14°n eq 7 and i*n eq 1 and 28°n eq 21 
then N712ic:=sub<N|N71i2ic,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
[7,1, 21] °N7121c; 


/* Obtains the transversals of N(7121).*/ 
T7121 :=Transversal (N,N7121c) :#T7121;T7121; 


/*Obtains the total number of cosets(through [7121] & excluding [*]) 
by conjugation. */ 

for i in [1..#T7121] do 

ss:=(7,1,21]°T7121 [i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [(1..5280] do if cst[iJ ne [] then m:=mt1; end if; end for; m; 


/* prints elements in the stabilizer, N7121 */ 
for g in N7121c do g; end for; 


177 


/*Checks the orbits of N712ic */ 
Orbits (N7121ic); 


24. [7,1,22] 

$:={(7,1,22]}; 

$S:=S°N; 

SSS: =Setseq(SS) ; 

for i in({1..#S88] do 

for g in IN do if ts[7]*ts[1]*ts[22] eq 

g*ts [Rep (SSS [i] ) [1] ] *ts [Rep(SSS [i] ) [2]]*ts [Rep (SSS [i] ) [3]] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,22]. */ 
N7122:=Stabiliser(N71,22) :#N7122;N7122; 
N7122c:=sub<N |N7122>;4#N7122c ;N7122c; 


/* Obtains the transversals of N(7122).+*/ 
17122:=Transversal (N,N7122c) ;#T7122;T7122; 


/*Obtains the total number of cosets(through [7122] & excluding [*]) 
by conjugation. */ 

for iin [1..#T7122] do 

ss:=[7,1,22]°T7122[i]; 

cst(prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=m+ti; end if; end for; m; 


/* prints elements in the stabilizer, N7122 */ 
for g in N7122c do g; end for; 


/*Checks the orbits of N7122c */ 
Orbits (N7122c); 

25. [7,1,23] 

8:={(7,1,23]}; 


55:=S°N; 
SSS :=Setseq(SS) ; 
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for i in[1..#SS] do 

for g in IN do if ts[7]*ts[1]*ts[23] eq 

gts [Rep (SSS [i] ) [1] ] *ts [Rep (SSS [i] ) [2]] *ts [Rep(SSS[i]) [3]] 
then print Sss[il; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,1,23]. */ 
N7123:=Stabiliser (N71, 23) ;#N7123;N7123; 
N7123c:=sub<N |N7123>;#N7123c;N7123c; 


/* Obtains the transversals of N(7123).*/ 
T7123:=Transversal (N,N7123c) ;#T7123;T7123; 


/*Obtains the total number of cosets(through [7123] & excluding [*]) 
by conjugation. */ 

for i in [1..#T7123] do 

ss:=(7,1,23]°T7123(i] ; 

cst [prodim(1i, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N7123 */ 
for g in N7128c do g; end for; 


/*Checks the orbits of N7123c */ 
Orbits (N7123c) ; 


/#Boesssse 


26. (7,15, 


wil 
praia) 


$:={(7,15,3]}; 

88:=S°N; 

SSS :=Setseq(SS) ; 

for i in[1..#SS] do 

for g in IN do if ts[7]*ts[15]*ts[3] eq 

g*ts [Rep (SSS[i] ) [1]] *ts [Rep (SSS [i] ) [2]] +ts [Rep (SSS [i] ) [3] ] 
then print SSSs[i]; 

end if; end for; end for; 


/* Obtains the relation [7,15,3] ~ [13,22,5] 
To enter relation, first we verify if it holds by finding n . 
Then we enter relation. */ 
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for n in IN do 
if ts[7]*ts[15]*ts[3] eq n*(ts[13]*ts[22]*ts{5]) then print n; 
end if; end for; 


/* to check we do the following: 
ts(7]*ts[15]*ts[3}] eq (£(n))*(ts [13] *ts[22]*ts[5]); 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,15,3]. */ 
N7153:=Stabiliser(N715, 3) ;#N7153;N7153; 
N7153c:=sub<N!N7153>;#N7153c;N7153c; 


/* Enters the relation [13,22,5] ~ [7,15,3] */ 
for n in N do if 13°n eq 7 and 22°n eq 15 and 5°n eq 3 
then N7153c:=sub<N|N7153c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
(7,15,3] “N7153¢; 


/* Obtains the transversals of N(7153).*/ 
T7153 :=Transversal (N,N7153c) ;#T7153;T7153; 


/*Obtains the total number of cosets(through [7153] & excluding [*]) 
by conjugation. */ 

for iin [1..#T7153] do 

ss:=(7,15,3])°T7153[i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [] then m:=m+1; end if; end for; nm; 


/* prints elements in the stabilizer, N7153 */ 
for g in N7153c do g; end for; 


/*Checks the orbits of N7153c */ 
Orbits (N7153c) ; 


$:={(7,15,7]}; 
SS:=S°N; 
SSS:=Setseq(SS) ; 
for i in{1..#SS] do 
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for g in IN do if ts[7]*ts(15]*ts[7] eq 

g*ts [Rep (SSS [i] ) [1]] «ts [Rep (SSS [i] ) [2]] *ts [Rep(SSS [i] ) [3]] 
then print SSS[i]; 

end if; end for; end for; 


. 


/* Obtains the relation [7,15,7] ~ [1,21,1] 
To enter relation, first we verify if it holds by finding n . 
Then we enter relation. */ 


for n in IN do 
if ts(7]*ts(15]*ts(7] eq n*(ts[1}*ts[2i]*ts[1]) then print n; 
end if; end for; 


/* to check we do the following: 
ts(7]*ts[15]+*ts[(7] eq (f(n))*(ts[1]*ts [21] *ts[1]); 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,15,7]. */ 
N7157 :=Stabiliser(N715,7) ;#N7157;N7157; 
N7157c:=sub<N|N7157>;#N7157c;N7157c; 


/* Enters the relation [1,21,1] ~ [7,15,7] */ 
for n in N do if 1°n eq 7 and 21°n eq 15 
then N7157c:=sub<N|N7157c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
(7,15,7]“N7157c; 


/* Obtains the transversals of N(7157).*/ 
T7157 :=Transversal (N,N7157c) ;#T7157; T7157; 


/*Qbtains the total number of cosets(through [7157] & excluding [*]) 
by conjugation. */ 

for i in [1..#T7157] do 

ss:=(7,15,7] “T7157 (il; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N7157 */ 
#N7157; 
for g in N71i57c do g; end for; 


/*Checks the orbits of N7157c */ 
Orbits(N7157c) ; 


/*Sanscscsssssss= 
28. ([7,15,8] 
sarsshsssssaank / 
$:={[7,15,8]}; 
SS:=S*N; 


SSS:=Setseq(SS) ; 
for i in[i..#S8] do 


for g in IN do if ts[7]*ts[15]*ts[8] eq 
g*ts [Rep (SSS[i] ) [1] ] *ts (Rep(SSS [i] ) [2]]+ts (Rep(SSS[i]) [3]] 


then print SSs[i]; 
end if; end for; end for; 


/* Obtains the relation [7,15,8] ~ [9,19,12] 
To enter relation, first we verify if it holds by finding n . 


Then we enter relation. */ 


for n in IN do 


if ts[7]*ts[15]*ts[8] eq n*(ts[9]*ts[19]*ts[12]) then print n; 


end if; end for; 


/* to check we do the following: 


ts(7]+*ts[15]*ts[8] eq (f(m))*(ts[9]*ts[19]+ts[12]); 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,15,8]. */ 
N7158:=Stabiliser(N715,8) ;#N7158;N7158; 
N7158c:=sub<N|N7158>;#N7158c;N7158c; 


/* Enters the relation [9,19,12] ~ [7,15,8] 
for n in N do if 9°n eq 7 and 19°n eq 15 and 12°n eq 8 
then N7158c:=sub<N|N7158c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 


(7, 15,8] “N7158c; 


/* Obtains the transversals of N(7158).*/ 
T7158:=Transversal (N,N7158c) ;#T7158; T7158; 


/*Obtains the total number of cosets(through [7158] & excluding [*]) 


by conjugation. */ 
for i in [1..#T7158] do 
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ss:=[7,15,8] “T7158 [il ; 
cst[prodim(1, ts, ss)]:= ss; 
end for; 

m:=0; 
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for iin [1..5280] do if ecst[i] ne [] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N71578*/ 
for g in N7158c do g; end for; 


/*Checks the orbits of N7158c #*/ 
Orbits(N7158c); 


29. [7,15,11] 


$:={(7,15,11]}; 

8S:=S7°N; 

SSS: =Setseq(SS) ; 

for i in[1..#5S] do 

for g in IN do if ts[7]*ts[15]*ts[11] eq 

gts [Rep(SSS[i] ) [1]] *ts [Rep(SSS [i] ) [2]] *ts [Rep(SSS(i] ) [3]] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,15,11]. */ 
N71511:=Stabiliser (N715,11) ;#N71511;N71511; 
N71511c:=sub<N|N71511>;#N71511c;N715tic; 


/* Obtains the transversals of N(71511).+*/ 
T71511:=Transversal (N,N715iic) ;#T71511;T71511; 


/*Obtains the total number of cosets(through [71511] & excluding [*]) 


by conjugation. */ 

for i in [1..#T71511] do 
ss:=(7,15,141]°T71511[4] ; 
est(prodim(1, ts, ss)]:= ss; 
end for; 

m:=0; 


for i in [1..5280] do if cst[i] ne [J] then m:=mt1; end if; end for; m; 


/* prints elements in the stabilizer, N71511*/ 
for g in N7i811c do g; end for; 


/*Checks the orbits of N7i5i1ic */ 
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Orbits(N71511c) ; 


§:={(7,15,18]}; 

SS:=8°N; 

SSS:=Setseq(SS) ; 

for i in[1..#8S] do 

for g in IN do if ts[7]*ts[15]*ts[18] eq 

gts (Rep (SSS [i] ) [1]] «ts [Rep (SSS [i] ) [2]] +ts [Rep(SSS([i]) [3]] 
then print SSS[i]; 

end if; end for; end for; 


/* Obtains the relation [7,15,18] ~ [4,27,21] 
To enter relation, first we verify if it holds by finding o . 
Then we enter relation. */ 


for n in IN do 
if ts[7]*ts[15]*ts[18] eq n*(ts[4]*ts[27]*ts[21i]) then print n; 
end if; end for; 


/* to check we do the following: 
ts(7]*ts[15]*ts[18] eq (f(n))*(ts[4]*ts [27] *ts[21]); 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,15,18]. */ 
N71518:=Stabiliser(N715,18) ;#N71518;N71518; 
N71518c:=sub<N |N71518>;#N71518c ;N71518c; 


/* Enters the relation ([4,27,21] ~ [7,15,18] ¥*/ 
for n in N do if 4°n eq 7 and 27°n eq 15 and 2i°n eq 18 
then N71518c:=sub<N|N71518c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
[7 ,15,18]“N71518c; 


/* Obtains the transversals of N(71518).*/ 
T71518:=Transversal (N,N71518c) ;#T71518;T71518; 


/*Obtains the total number of cosets(through [71518] & excluding [*]) 
by conjugation. */ 

for i in [1..#T71518] do 

ss:=[7,15,18]°T71518 [i] ; 


184 


cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in ([1..5280] do if cst[i] ne [] then m:=mti; end if; end for; m; 


/* prints elements in the stabilizer, N71518*/ 
for g in N71518c do g; end for; 


/*Checks the orbits of N71518c */ 
Orbits (N71518c); 


S$:={(7,15,20]}; 

SS:=S7N; 

SSS :=Setseq(SS) ; 

for i in[1..#SS] do 

for g in IN do if ts[7]*ts(15]*ts[20] eq 

g*ts [Rep(SSS [i] ) [1] ]*ts [Rep(SSS [i] ) [2]] «ts [Rep(SSS[i]) [3]] 
then print SSS[il; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,15,20]. */ 
N71520:=Stabiliser (N715, 20) ;#N71520;N71520; 
N71520c:=sub<N|N71520>;#N71520c;N71520c; 


/* Obtains the tramsversals of N(71520).*/ 
T71520:=Transversal (N,N71520c) ;#T71520 ;T71520; 


/*Obtains the total number of cosets(through [71520] & excluding [*]) 
by conjugation. */ 

for i in [1..#T71520] do 

ss:=[7,15,20] “T71520 [i] ; 

cst[prodim({1, ts, ss)]:= ss; 

end for; 

m;=0; 

for iin [1..5280) do if est[i] ne [] then m:=m+1; end if; end for; nm; 


/*Checks the orbits of N71520c */ 
Orbits (N71520c) ; 


32. [7,15,21] 
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S:={(7,15,21]}; 

$8:=5°N; 

SSS:=Setseq (SS); 

for i in[1..#S8] do 

for g in IN do if ts[7]*ts([15]*ts[21] eq 

g*ts [Rep (SSS [i] ) (1]] *ts (Rep(SSS [i] ) [2] ] *ts [Rep(SSS [iJ ) (3]] 
then print SSS[i]; 

end if; end for; end for; 


/* Obtains the relation [7,15,21] ~ [13,22,27] 
To enter relation, first we verify if it holds by finding n. 
Then we enter relation. */ 


for n in IN do 
if ts(7]+*ts[15]*ts[21] eq n*(ts[13]*ts[22]*ts[27]) then print n; 
end if; end for; 


/* to check we do the following: 
ts(7]*ts[15]+#ts[21] eq (£(n))*(ts[13] *ts [22] *ts[27]); 
but i cannot calculate n in terms of x and y. */ 


/*Finds the coset stabilizer of [7,15,21]. */ 
N71521:=Stabiliser(N715,21) ;#N71521;N71521; 
N71521¢c:=sub<N |N71521>;#N71521c;:N71521ic; 


/* Enters the relation [13,22,27] ~ [7,15,21] */ 
for n in N do if 13°n eq 7 and 22°n eq 15 and 27°n eq 21 
then N7152ic:=sub<N|N7152ic,n>; end if; end for; 


/* To double check, the following should print all relations*/ 
(7, 15,21] “N71521c; 


/* Obtains the transversals of N(71521).*/ 
T71521:=Transversal (N,N71521c) ;#T71521;T71521; 


/*xObtains the total number of cosets(through [71521] & excluding [*]) 
by conjugation. */ 

for i in [1..#T71521] do 

ss:=(7,15,21]°T71521 [i]; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in [1..5280] do if cst[i] ne [J] then m:=m+1; end if; end for; m; 


/* prints elements in the stabilizer, 


for g in N71521ic do g; end for; 


/*Checks the orbits of N7152ic */ 
Orbits (N71521ic); 


/*SSRSSESaeessss 
33. ([7,28,7] 
seacscocosscsa / 
$:={(7,28,7]}; 
SS:=S°N; 


SSS :=Setseq(SS) ; 
for i in[1i..#5S] do 


N71521%/ 


for g in IN do if ts[7]*ts[28]*ts[7] eq 


gts [Rep (SSS [i] ) (1]] «ts [Rep(SSS [i] ) [2]] #ts [Rep(SSS[i] ) [3]] 


then print SSS[i]; 
end if; end for; end for; 


/* Obtains the relation [7,28,7] ~ [14,21,14] 


To enter relation, first we verify if it holds by finding n . 


Then we enter relation. */ 


for n in IN do 


if ts(7]*ts[28]*ts(7] eq n*(ts[14]*ts[21]+*ts[14]) then print n; 


end if; end for; 


/* to check we do the following: */ 


ts(7]*ts [28] *ts[7] eq (fy"2)*(ts[14] *ts(21] *ts[14]) ; 


/*Finds the coset stabilizer of [7,28,7]. */ 
N7287 :=Stabiliser (N728,7) ; #N7287 ;N7287; 


N7287c:=sub<N |N7287> ; #N7287c ; N7287c; 


/* Enters the relation ([7,28,7] ~ [14,21,14] 
for n in N do if 14°n eq 7 and 21°n eq 28 
then N7287c:=sub<N|N7287c,n>; end if; end for; 


/* To double check, the following should print all relations*/ 


(7, 28,7] “N7287c; 


/* Obtains the transversals of N(7287).*/ 
T7287 :=Transversal (N,N7287c) ;#T7287 ; T7287; 
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/*Obtains the total number of cosets(through [71521] & excluding [*]) 
by conjugation. */ 

for iin [1..#T7287] do 

ss:=(7,28,7) “T7287 [i]; 

cst{prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for i in (1..5280] do if cst(i] ne [] then m:=m+1; end if; end for; m; 


/* prints elements in the stabilizer, N7287*/ 
for g in N7287c do g; end for; 


/*Checks the orbits of N7287c */ 
Orbits (N7287c) ; 


S:={(7,28,15]}; 

SS:=S°N; 

SSS:=Setseq(SS) ; 

for i in[1..#SS] do 

for g in IN do if ts[7]*ts[28]*ts[15] eq 

e*ts [Rep (SSS [i] [1]] +ts [Rep (SSS [i] ) [2]] *ts [Rep(SSS [i] ) [3]] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,28,15]. */ 
N72815:=Stabiliser (N728,15) ;#N72815;N72815; 
N72815c:=sub<N |N72815> ; #N72815c;N72815c; 


/* Obtains the transversals of N(72815).*/ 
T72815:=Transversal (N,N72815c) ;#T72815;T72815; 


/*xObtains the total number of cosets(through [72815] & excluding [*]) 
by conjugation. */ 

for i in [1..#T72815] do 

ss:=[7,28,15]°T72815[i]J; 

cst[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=m+1; end if; end for; m; 
/+m= 3773*/ 
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/*Checks the orbits of N72815c */ 
Orbits (N72815c); 


$:=({(7,14,15]}; 

SS:=S°N; 

SSS:=Setseq(SS) ; 

for i in[1..#SS] do 

for g in IN do if ts([7]+#ts[14]+ts[15] eq 

g*ts [Rep (SSS [i] ) [1] ]+ts [Rep(SSS [i] ) [2]] *ts [Rep(SSS [i] ) (3]] 
then print SSS[i]; 

end if; end for; end for; 


/*Finds the coset stabilizer of [7,14,15]. */ 
N71415:=Stabiliser (N714,15) ;#N71415;N71415; 
N71415c¢:=sub<N|N71415>:#N71415c:N71415c; 


/* Obtains the transversals of N(71415).*/ 
T71415:=Transversal (N,N71415c) ;#171415:T71415; 


/*Obtains the total number of cosets(through [71415] & excluding [*]) 
by conjugation. */ 

for i in [1..#T71415] do 

ss:=(7,14,15]°T71415 [i] ; 

est[prodim(1, ts, ss)]:= ss; 

end for; 

m:=0; 

for iin [1..5280] do if cst[i] ne [] then m:=m+1; end if; end for; m; 


/*Checks the orbits of N71415c «/ 
Orbits (N71415c); 
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